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AbstractAn increasingly important tool in phylogenetics, a �eld which lies somewhere between mathematicsand biology and seeks to deduce the evolutionary relationships between present day species, is thecomparison of molecular sequences such as DNA and protein sequences. In making meaningfulcomparisons it is helpful to model the process by which the sequences came to di�er. Many suchmodels have at their heart certain Markov-style assumptions, since the \memoryless" feature ofthe Markov property seems appropriate to the site substitution process. This thesis looks at twoproblems related to the most basic Markov process model of site substitution, on which most morecomplicated (and hopefully more realistic) models are based, and takes a �rst look at a recentlysuggested model of Fitch and Markowitz's 1970 \covarion" hypothesis, comparing the covarionmodel with models of the better known rates-across-sites hypothesis.We show that the LogDet transformation, which under mild conditions allows tree reconstruc-tion under the basic model, is in a sense unique, in that � = logdet is the only continuoushomomorphism from n � n stochastic matrices with positive determinant into the real numbersunder addition, up to scalar multiples. This result limits the form of possible alternatives to theLogDet transformation that might weaken the conditions under which it is valid.We introduce the reconstruction quotient and prove two structure theorems for it in the caseof the very simple two state fully symmetric model. The reconstruction quotient is obtained froma space of weighted trees by identifying trees that no reconstruction technique will be able todistinguish between. We show that under the two state fully symmetric model, the reconstructionquotient corresponding to a �xed tree is always contractible, and that the quotient obtained fromthe set of all four leaf binary trees is also contractible.Finally, we take the �rst analytic look at a model of the covarion hypothesis, an alternativeapproach to accounting for di�ering selective constraints to the competing idea of rates-across-sites.We calculate some of the basic quantities required for tree reconstruction under this model, andcompare it with rates-across-sites, seeking to �nd conditions under which they can and cannot bedistinguished.
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Chapter 1IntroductionPhylogenetics is the study of evolutionary relationships and classi�cation. Much of the currentthrust of research, including this thesis, is biologically motivated, but many of the techniquesare applicable to other classi�cation problems, such as the classi�cation of languages. Althoughmany of the questions to be answered, such as \Are humans more closely related to chimpanzeesor gorillas?", are not inherently mathematical, mathematics and statistics have come to playimportant roles. Many of the structures used to represent phylogenetic information, such as trees,quartets, splits and metrics, are mathematical in nature, and statistical techniques are required todeduce relationships and give us an indication of how con�dent we can be in them.One of the central problems of phylogenetics is to reconstruct the tree describing the evolu-tionary history of some set of objects of interest, from observations of their present state. In thebiological case this tree will be some small part of the \Tree of Life": the tree on which the specieson earth today, from the ones that sneeze (humans, cats,: : :) through the ones that make otherssneeze (pollen bearing plants, various bacteria,: : :) and beyond (yeast, sharks, snow algae,: : :), areeach represented by a leaf, with the edges or branches of the tree representing ancestral relation-ships much as in a family tree. Such trees, together with estimates of associated quantities suchas the temporal length of each edge, can help to answer such questions as whereabouts on earththe human race originated and whether the mammals radiated before or after dinosaurs had dis-appeared. Nor are all such questions purely curiosity driven: the tree of strains of a given virusand knowledge of the populations in which they are found can help to track the virus's spread.Since the advent of molecular biology the comparison of molecular sequences has become animportant tool in tree reconstruction. In order for such comparisons to be meaningful it is necessaryto model fairly accurately the substitution process by which ancestral sequences gave rise to thesequences we observe today. Most substitution models that have been proposed are probabilistic innature, and frequently incorporate Markov-style assumptions. This thesis looks at three problemsrelated to some Markov process based models of site substitution.After reviewing some basic concepts regarding trees and Markov processes in Chapter 2, wedescribe the \basic" substitution model, on which the other models we will study are based, inChapter 3. The next three chapters each look at one of the three problems we examine.An important issue in reconstructing trees from sequence data is whether the sequences actuallycontain enough information to do so. The LogDet transformation, due to Chang and Hartigan [8]and independently to Steel [36], shows that they do under the basic model if some mild restrictionsare placed on it. This transformation is based mainly on the fact that the map � = logdet is ahomomorphism from certain semigroups of matrices into the additive real numbers. The map �also has the property of being continuous, which is desirable since we would like our output todepend continuously on our input. In Chapter 4, The LogDet transformation: there can beonly one, we show that � is the only map with these two properties, up to scalar multiples. Thisresult limits the form of possible alternatives to the LogDet transformation that might weaken the6



CHAPTER 1. INTRODUCTION 7conditions under which it is valid.In Chapter 5 we introduce the reconstruction quotient, which is also related to the questionof how much information is contained in sequence data. Given a space of edge-weighted trees anda substitution model, the reconstruction quotient is the space obtained by identifying weightedtrees that generate the same data under the model. The structure of this space is relevant tophylogenetics, since sampling errors may prevent \real data" from corresponding to \ideal data"from any weighted tree, making it necessary to approximate the observed data by a point in thespace of ideal data. We study the reconstruction quotient under the very simple two state fullysymmetric model, showing �rstly that the LogDet transformation captures all the informationpresent in the data under this model and then proving two structure theorems. Both of thesetheorems show that certain reconstruction quotients are contractible, and so in a sense \simple".The �nal chapter, More realistic models: the covarion hypothesis and rates-across-sites, looks in detail at two more realistic substitution models that have been proposed. The basicmodel studied in previous chapters treats every site as evolving at the same rate, and in practicethis does not seem to be the case: some sites seem to be evolving rapidly while some appear tochange not at all. This is attributed to di�ering selective constraints at di�erent sites, and methodsof taking this into account have been suggested. One of these, rates-across-sites, assumes that theconstraints do not change with time, while a second, the covarion hypothesis, suggests that theychange as changes occur elsewhere in the sequence. Although the covarion hypothesis was proposedin 1970 by Fitch and Markowitz [14], it is less well studied than the competing rates-across-siteshypothesis. We take the �rst analytic look at a recently proposed model of the covarion hypothesis,calculating some of the quantities required for tree reconstruction under this model, and comparingit with rates-across-sites models with the aim of �nding conditions under which the two modelscan be distinguished.



Chapter 2Basic concepts and de�nitions2.1 Trees2.1.1 Vertex-labelled treesPhylogenetics uses various types of vertex-labelled trees to express the evolutionary relationshipsbetween the species in some set of interest. Most of our trees will be labelled and we will frequentlydrop explicit reference to the labelling.The most important vertex-labelled trees are the leaf-labelled trees. An unrooted leaf-labelled tree is a connected acyclic graph with no vertices of degree two and such that eachleaf (vertex of degree less than or equal to one) is given a unique label from some label set S.Typically S = [n] := f1; : : : ; ng, where n is the number of leaves of the tree; we will usually writen for jSj. A rooted leaf-labelled tree is de�ned similarly to an unrooted one, but has a distin-guished vertex called the root, which is allowed to have degree two. Usually the root will not bea leaf, and we will denote it by �.The non-leaf vertices of a tree are called internal vertices; similarly an edge that is notadjacent to a leaf is an internal edge. Edges adjacent to a leaf will sometimes be called externalor pendant edges. It is sometimes useful to consider trees in which some of the internal verticesare labelled, or have vertices with multiple labels, subject to the restriction that all vertices ofdegree less than or equal to two are labelled and each label labels only one vertex; we will call suchtrees S-labelled trees, where S is the labelling set. We will later need to consider S-labelledforests: this will be a partition � of S, together with an �i-labelled tree for each part �i of �.Note that two vertex-labelled trees (or forests) with the same label set S are only considered to bethe same if they are isomorphic as graphs and the isomorphism preserves the labelling.The trees that carry the most phylogenetic information are the binary trees. In the unrootedcase, this is a leaf-labelled tree in which each internal vertex has degree three; in the rooted case,this is a leaf-labelled tree in which the root has degree two and all other internal vertices havedegree three. The leaf-labelled trees with the least phylogenetic information are the star trees,which are the trees with vertices f0; 1; : : :; ng and edges ff0; 1g; : : : ; f0; ngg for each n � 3.Given a graph G, we will denote its vertex set by V (G), and its edge set by E(G). The edgebetween vertices u and v will usually be denoted by fu; vg unless it is to be considered as directedfrom u to v, in which case we write (u; v). In rooted trees we will usually assume that all edgesare directed away from the root. Some examples of trees are shown in �gure 2.1.2.1.2 SplitsA very useful concept in studying vertex-labelled trees is that of the split. Deleting an edge e from atree T divides it into two connected components and thereby gives rise to a bi-partition � = fA;Bg8



CHAPTER 2. BASIC CONCEPTS AND DEFINITIONS 91 4 5 7 69 8
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Figure 2.1: Some examples of trees. (i) is an unrooted binary tree. The edges f1; ug and f2; ugare external edges while fu; vg and fv; wg are internal edges. (ii) is a rooted binary tree, obtainedfrom (i) by subdividing the edge fv; wg and rooting the tree at the newly created vertex. (iii) is anon-binary unrooted leaf-labelled tree, while (iv) is a [9]-labelled tree.of the labelling set, where A and B are the sets of labels in each component. The bi-partition �is called the split corresponding to the edge e, and we will denote the set of splits of T by �(T ).Referring to �gure 2.1 (i), the split corresponding to the edge fu; vg is f f1; 2g; f3; 4; 5;6;7;8; 9g gand that corresponding to fv; wg is f f1; 2; 3; 4g;f5;6;7; 8; 9g g. A set of splits � is said to becompatible if there is a tree T such that � � �(T ).There are a number of important results regarding splits, which we state below.Theorem 2.1 (Buneman [3])1. A tree T is determined by �(T ), and can be recovered in polynomial time.2. Two splits � = fA;Bg, �0 = fC;Dg are compatible if and only if at least one of A \ C,A \D, B \C and B \D is empty.3. A set of splits � is compatible if and only if it is pairwise compatible.Splits also give a convenient partial order of vertex-labelled trees: we write T1 � T2 if and only�(T1) � �(T2). This corresponds to the idea that T1 can be obtained from T2 by contracting theedges corresponding to �(T2) n �(T1). Referring again to �gure 2.1, tree (iii) has been obtainedfrom tree (i) by contracting the edges fu; vg and fv; wg, while (iv) has been obtained from (iii) byfurther contracting the edges adjacent to leaves 1, 2 and 6, so we have (iv)<(iii)<(i).We will later �nd it convenient to extend this partial order to vertex-labelled forests; in thiscontext the corresponding idea is that one forest may be obtained from the other via edge deletionsand contractions.



CHAPTER 2. BASIC CONCEPTS AND DEFINITIONS 10
3 546 2 97 11 1142 1 d 1 2 3 4 51 � 13 19 23 212 � 20 24 223 � 26 244 � 205 �Figure 2.2: An example of a tree metric. The distance between two labels is found by summingthe edge weights along the path between the vertices they label.2.1.3 Tree-additive distancesA very useful tool in reconstructing trees is the concept of a tree metric, sometimes called atree-like or tree-additive distance, since they are not always metrics. A vertex-labelled tree Twhose edges have been given non-negative weights induces a natural distance dij between elementsi and j of the labelling set: simply sum the edge weights along the path from the vertex i labelsto the vertex j labels (see �gure 2.2). Such a distance function (it is in fact a metric if all weightsare positive and there are no vertices with more than one label) is called a tree-additive distance.Tree-additive distances are completely characterised by the four-point condition [3, 35, 45]:given any four points a; b; c; d 2 S, we havedab + dcd � maxfdac + dbd; dad + dbcg: (2.1)Furthermore, if all edge weights are positive, T and the edge weighting � are unique and may berecovered from d. This may be done quickly, which makes tree-additive distances a useful tool intree reconstruction.We will later want to allow edges to have \in�nite" length. Rather than work with the interval[0;1] we will work with [0; 1] and consider our weights to be multiplicative rather than additive; theresulting \distance" � we will call a multiplicative distance. It is easy to see that taking minusthe logarithm of a multiplicative distance gives an additive distance, so the four point conditionbecomes �ab�cd � minf�ac�bd; �ad�bcg; (2.2)and we may reconstruct the tree and edge weights provided they lie in (0; 1).2.1.4 CharactersCharacters are the basic data for tree reconstruction. They are simply functions from the label setS into some set A of \states". For example, given a set of aligned sequences, the rule \nucleotideat site k" for k = 1; : : : ; N gives a set of characters with state set A = fA;G;C; Tg. This isthe main example we will have in mind, but in the past morphological characters (for example,\number of legs" gives a morphological character with state set Z) have been important. We willoften use � to denote a character.A function �̂ : V (T ) 7! A is a state function. If ` : S 7! V (T ) is the labelling of T , we willsay that �̂ extends � or that �̂ is an extension of � on T if �̂ � ` = �, and denote this by �̂ " �.2.2 Markov chains and processesStated informally, a Markov process is a \memoryless" random process: in order to try to predictwhat it will do next, only the most recent piece of information known is of any use. Intuitively this



CHAPTER 2. BASIC CONCEPTS AND DEFINITIONS 11seems a reasonable assumption to make when modelling the evolution of a DNA sequence|whathas happened in the past is irrelevant and all that matters is its current state|and all substitutionmodels we consider will be based on a Markov process.There is an extensive theory of Markov chains and processes and some references are [16, 21, 23].All our Markov processes will have �nite state space, and we will write r for the number of states.2.2.1 Discrete time Markov chainsA family of random variables fXiji 2 N[f0gg taking values in A = f1; : : : ; rg is a discrete timeMarkov chain if it satis�es the Markov property: for every n and all states i0; i1; : : : ; in wehave P[Xn = injXn�1 = in�1; : : : ; X0 = i0] = P[Xn = injXn�1 = in�1]: (2.3)The set A is called the state space of the chain.The behaviour of such a chain is determined by the row vector �(0) = (�(0)i ) of initial proba-bilities, where �(0)i = P[X0 = i];and the transition matrices p(n;n�1), which are the conditional probabilitiesp(n;n�1)ij = P[Xn = jjXn�1 = i]:The conditional probability P[Xk+n = jjXk = i] is given by the ij-entry of the n-step transitionmatrix p(k+n;k), which may be written in terms of the one step transition matrices p(m;m�1) asp(k+n;k) = p(k+1;k)p(k+2;k+1) � � �p(k+n;k+n�1):The vector �(n) of probabilities P[Xn = i] may be written�(n) = �(0)p(1;0)p(2;1) � � �p(n;n�1):The chain is said to be homogeneous (sometimes referred to as stationary) if p(n;n�1) = p(1;0)for all n. In this case we may simply write p = p(1;0) and obtain �(n) = �(0)pn.Note that a transition matrix P is a stochastic matrix, that is it satis�es the following twoconditions:1. all its entries are nonnegative, i.e. Pij � 0 for all i; j, and2. each row sums to one, which may be written P1 = 1, where 1 is the (column) vector of ones.Similarly �(n) satis�es �(n)1 = 1. The eigenvalues of a stochastic matrix P can be shown to havemodulus less than or equal to one, so that j detP j � 1 also.A simple example of a discrete time Markov chain is a random walk on a circle. Consider thefollowing problem:There are n people sitting in a ring, one of whom takes a swig from a keg ofbeer, and then passes it left or right with a 50% probability independently of whathas happened before. The process repeats until everyone has had at least one swig,then stops. Show that the probability that the keg stops at a particular (non-starting)person is independent of that person's position.The situation described in this problem is a homogeneous Markov chain with n states (the npeople) and transition matrixP = 0BBBBB@ 0 1=2 0 0 � � � 0 1=21=2 0 1=2 0 � � � 0 00 1=2 0 1=2 � � � 0 0... ...1=2 0 0 0 � � � 1=2 0 1CCCCCA :(However this isn't the easiest way to solve the problem).



CHAPTER 2. BASIC CONCEPTS AND DEFINITIONS 122.2.2 Continuous time Markov processesContinuous time Markov processes are de�ned similarly to discrete time Markov chains, but nowthe index is continuous rather than discrete. More precisely, a family of random variables fXtj0 �t 2 Rg taking values in the state space A satis�es the Markov property if, for all times t0 <t1 < � � � < tn and any states i0; i1; : : : ; in, we haveP[Xtn = injXtn�1 = in�1; : : : ; Xt0 = i0] = P[Xtn = injXtn�1 = in�1]: (2.4)The analogy with equation (2.3) should be clear.The analogue of the transition matrix is the transition function, de�ned bypij(s; t) = P[Xt = jjXs = i]:The process is homogeneous if pij(s; t) = pij(0; t� s)for all i; j 2 A and s; t � 0, in which case we write pij(t�s) for pij(s; t) and P (t) for the r�rmatrixwith entries pij(t). We consider only homogeneous processes. Note that if fXtg is a homogeneousMarkov process then, for any � > 0, the stochastic process fXn� jn 2 N [ f0gg is a homogeneousMarkov chain, with transition matrix P = P (� ).In general, a homogeneous Markov process may be written in terms of a rate matrix R asP (t) = exp(tR);where for a matrix A we have exp(A) = 1Xi=0 1n!An:Typically, we will de�ne our Markov processes by specifying R and the (row vector) initial distri-bution of states �. The rate matrix may be found from P (t) by right-di�erentiation at 0: thatis limh!0+ P (h)� Ih = R:The o� diagonal elements Rij may be interpreted as the \rate" at which state i turns into state jand are all non-negative. The rows of R sum to zero which may be interpreted as \conservationof state".A Markov process with rate matrix R and initial distribution � is stationary if �R = 0, where0 is the (column) vector of zeros. This is a necessary and su�cient condition that �P (t) = � forall t, that is that the distribution of states does not vary with time. If fXtj � 1 < t < 1g is aMarkov process with stationary distribution �, de�ne the reversed process fYtj � 1 < t <1gby Yt = X�t. The reversed process is also Markov with stationary distribution �, and we say thatfXtg is reversible if fXtg and fYtg have the same transition function. A necessary and su�cientcondition for reversibility is that �iRij = �jRji for all i; j. If we let � = diag(�), this condition isthat �R should be symmetric.Stationary and reversible Markov processes are frequently used in modelling DNA substitution,not so much for being more realistic, but because they are more mathematically tractable. Firstly,in a tree setting, reversibility allows us to re-root the tree arbitrarily, and so deal with unrootedrather than rooted trees; secondly, a stationary and time-reversible rate matrix is always diago-nalisable so the Markov process always has a spectral representation (see Keilson [23, pp. 32{35]).Since �R is symmetric so is �1=2R��1=2 which therefore has real eigenvalues f�jg and orthonor-mal eigenvectors fujg (related to the eigenvectors fvjg of R by vj = ��1=2uj and Rvj = �jvj).We then �nd that J(t) = �P (t) = rXj=1 e�jtwjwTj ; (2.5)



CHAPTER 2. BASIC CONCEPTS AND DEFINITIONS 13where wj = �1=2uj and the superscripted T denotes transposition.We conclude by looking at two state continuous time Markov processes brie
y, as they will berelevant in later work on the covarion model.A two state continuous time Markov process has rate matrix of the formR = � �� �� �� �where �; � � 0. Left eigenvectors of 0 are scalar multiples of � = (�=(� + �); �=(�+ �)); we thenhave �R = ���+ � � �1 11 �1 � ;so that any stationary two state process is also reversible. To calculate P (t) for the stationaryprocess we diagonalise R and �nd thatP (t) = 1�+ � � �h(t) + � �(1� h(t))�(1 � h(t)) �+ �h(t) � (2.6)where h(t) = exp(�t(�+ �)).2.3 A bit of biologySince phylogenetics is a part of mathematical biology it is inevitable that some terminology ofbiological origin will creep into usage. We explain (or perhaps rather, translate into mathematics)some of the main terms that will crop up below, and give a little bit of background. For more detailssee a biology text, or, for a presentation perhaps more appealing to a mathematician, Hofstadter'sG�odel, Escher, Bach: an Eternal Golden Braid [20].The taxa are the objects to be classi�ed. A sequence will be a word in some alphabet,which we will usually call the state space, and a site is a particular position in a sequence, forexample \the eighth letter". A substitution is a change in a sequence at a particular site, as thesequence evolves. In the case of DNA the state space is usually fA;G;C; Tg corresponding to thefour nucleotides adenine, guanine, cytosine and thymine. Adenine and guanine are purines andcytosine and thymine are pyrimidines. A substitution from a purine to a purine or a pyrimidine to apyrimidine is called a transition, while a change to or from a purine from or to a pyrimidine is calleda transversion. Since DNA sequences are the main application most people have in mind, manymodels tailored to four states or to DNA in particular have been proposed (for example, modelsincorporating a \transition bias", since observationally transitions appear to be more common thantransversions), but where possible we will work in a greater generality that allows such models asspecial cases.DNA sequences code for amino acids according to the genetic code. Codons (ordered triplesof nucleotides) each code for one of twenty amino acids or certain punctuation marks, and DNAsequences are sometimes analysed by translating them into amino acid sequences and then applyinga substitution model at the amino acid level.An important issue when comparing sequences is that of alignment. In comparing two se-quences we naturally want to compare corresponding regions; usually, this means comparing thesame site of each sequence. A di�culty then arises when comparing sequences from di�erent speciesas they often have di�erent lengths. When this occurs it is necessary to insert gaps in one or moresequences in such a way that all have the same length and corresponding sites of each sequenceline up, a process called alignment . Since this thesis is about substitution models rather thanalignment, we will always assume that the alignment has been taken care of by someone else andwill ignore the issue of how to interpret sites where one or more sequences have a gap.



Chapter 3Substitution modelsWe now combine the two main themes of the previous chapter|trees and Markov processes|andconsider Markov processes on trees, as they are used to model nucleotide substitution.Phylogenetically, we interpret each vertex of a tree as representing a species, with edges denotingimmediate ancestor-descendent relationships. The labelled vertices represent the species with whichthey are labelled, and unlabelled vertices represent inferred ancestral species. In rooted trees theroot represents a common ancestor from which all other species in the tree are descended. Wedo not allow vertices of degree two, except possibly at the root or at labelled vertices, since weare primarily interested in speciation events, where the tree \branches". A central problem ofphylogenetics is to reconstruct this tree simply from observations of the species in the labelling set.The main observations used in the modern approach to phylogenetics are the molecular se-quences that characterise each species, such as DNA and protein sequences. Increasing numbersof sequences of increasing length are being determined all over the world, resulting in a wealth ofphylogenetic data. In order to make use of this data it is important to model as best as we canthe process by which the ancestral sequence gave rise to the sequences we see today. Such modelsare the main subject of this thesis, and in this chapter we describe the \basic" model on which allother substitution models we will study are in some way based.Any exercise in modelling involves making simplifying assumptions about the process beingmodelled. Sometimes these assumptions are unstated and lie hidden in our mental picture of whatwe are modelling|an often unspoken assumption in phylogenetics being that the evolutionaryrelationships we are trying to determine are best described by a tree and not some other type ofgraph|so it is perhaps important to make this picture clear. We will imagine that there was someancestral sequence (species), and that as time passed random errors (substitutions) occurred inthis sequence. Sometimes this gave rise to two distinct sequences that both \survived" so that wehad two sequences both behaving as the original one did. This continued until �nally we had somenumber of sequences, which are what we are able to observe today, whose ancestral relationshipsare described by a rooted tree. What we want then is something that will simulate this processand generate \observations", or present day sequences.The substitution models we will consider do not incorporate a \speciation" process by whichthe tree \forks". Rather, they treat the tree as a parameter and simulate the substitution processgiven a particular rooted tree. Nor do they treat the sequences strictly as sequences: to keep thingstractable, they treat each site independently. So for us a substitution model will be a \charactergenerator", that generates characters given a particular tree and the values of any parametersin the model. In this framework, the tree reconstruction problem is to determine the tree (andperhaps the values of the parameters) from the frequencies of the characters.14



CHAPTER 3. SUBSTITUTION MODELS 153.1 The \basic" modelThe basic substitution model consists of1. a rooted vertex-labelled tree T ;2. a set of states A;3. a distribution � of states at the root �, and4. a transition matrix P e on each edge e 2 E(T ).We then imagine that the state at the root \evolves" down the tree, generating a state function�̂ : V (T ) 7! A (in other words, we have a family of A-valued random variables, indexed by thevertex set). We suppose that this takes place such that there is a total order � of the vertices,respecting ancestry (so if u is on the path from v to the root then u � v), such thatP"�̂(v) = i �����ŵ<v �̂(w)# = P[�̂(v) = ij�̂(w0)]; (3.1)for all i 2 A and v 2 V (T ), where w0 is the immediate ancestor of v. Furthermore, if e = (u; v) isan edge of T , then P eij = P[�̂(v) = jj�̂(u) = i]:With these assumptions, the probability of generating a given state function �̂ may be writtenP[�̂jT; �; fP eg] = ��̂(�) Y(u;v)2E(T )P (u;v)�̂(u)�̂(v): (3.2)Characters are obtained by restricting the state function to the labelled vertices, so the probabilityof generating a given character � is found by summing (3.2) over all state functions extending �;that is P[�jT; �; fP eg] = X̂�"�P[�̂jT; �; fP eg]:Figure 3.1 shows how to calculate P[�jT; �; fP eg] directly from the de�nition for a simple tree andcharacter. Note however that the number of extensions of a character can grow exponentially withthe number of taxa so computationally it is impractical to calculate P[�jT; �; fP eg] in this way.In practice dynamic programming techniques that work from the leaves up are used to calculateP[�jT; �; fP eg] e�ciently.A set of aligned molecular sequences of length k is thought of as a set of k characters. Charactersare usually assumed to evolve \i.i.d.", that is identically and independently distributed. However,the basic model with the i.i.d assumption does not appear to be very realistic (some sites appear toevolve \faster" than others, and some appear to change very slowly or not at all), and Chapter 6 ofthis thesis will compare two alternative models that attempt to be more realistic without sacri�cingthe tractability of an i.i.d. model.Note that condition (3.1) is di�erent to the usual notion of a Markov process on a graph G,that of a Markov random �eld. This is a family of A valued random variables fXvjv 2 V (G)g, asbefore, but now we assume thatP24Xv0 = i ������ ^v2V (G)(Xv = iv)35 = P24Xv0 = i ������ ^v2N(v0)(Xv = iv)35 ; (3.3)where N (v0) is the set of neighbours of v0. Joe Chang, in a private communication to Mike Steel,suggests that these two notions are equivalent on trees, and that one direction (Markov random�eld implies condition (3.1)) may be proved using the Hammersley-Cli�ord Theorem. This resultstates that a random �eld having the Markov property (3.3) is equivalent to it having a Gibbsdistribution (see for example [27]).
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� � � � � � � � � � � �+ ++��A��B��C��D�� ��A��B��C��D�� ��A��B��C��D�� ��A��B��C��D��� � � � � � � �CA B D A = f�; �g i 1 2 3�(i) � � ��; �1 2 3Figure 3.1: Calculating P[�jT; �; fP eg] for a simple tree and character. Consider the tree withroot distribution � and transition matrices A, B, C and D as shown, with state space A = f�; �g.The probability of generating the character that assigns state � to leaves 1 and 2 and state � toleaf 3 is given by a sum over all possible assignments of states to the remaining vertices.3.2 Continuous time substitution modelsIn a continuous time substitution model we restrict the class of allowed transition matrices, drawingthem from a continuous time Markov process. Each edge e is given a non-negative weight �e andP e is taken to be exp(�eR) for a �xed rate matrix R. The process is frequently chosen to bestationary and reversible; a further assumption that is sometimes made is the molecular clockassumption that the distance from the root to any leaf (that is, the sum of the �e along the pathfrom the root to the leaf) should be the same for every leaf. We will usually assume stationarityand reversibility but will not explicitly build in the molecular clock.When r = 4 there are certain standard choices for R, corresponding to certain assumptionsabout which nucleotides may be substituted for more easily. The hierarchy of these choices is shownin [38, page 434]. One of these standard choices is the K3ST or Kimura three substitution-typemodel [26], in which R is assumed to have the formRK = 0BB@ �� � � 
� �� 
 �� 
 �� �
 � � �� 1CCA ;where � = �+�+
. If we further require that � = 
 then we obtain the Kimura two parametermodel (K2P) [25]; setting � = � = 
 gives the Jukes-Cantor model (JC) [22]. The K3ST modelassumes that each nucleotide occurs with equal frequency and has a di�erent rate for transitions(A$ G or C $ T ) and two types of transversions (A$ T or C $ G, and A$ C or G$ T ).A standard choice sometimes made when r = 2 is the Cavender-Farris model (CF) [5, 10]which has rate matrix R = � �1 11 �1 � :This and the Jukes-Cantor model are particular cases of the fully-symmetricmodel, which for rstates has rate matrix a multiple of 11T�rIr (that is 1�r on the main diagonal and 1 everywhereelse). This model appears in Neyman [31], and a slightly modi�ed version in which edges areallowed to have \in�nite" length is studied in [41].



CHAPTER 3. SUBSTITUTION MODELS 173.3 Reconstruction techniquesOur aim in modelling the substitution process is to turn character frequency data into trees. Thetwo main approaches based on substitution models are methods that seek to invert the model(often distance based) and maximum likelihood methods.Distance methods, of which the LogDet transformation we will meet in the next chapteris an example, aim to turn character frequency data into a tree-additive distance that is realisedby the tree that generated the data. The tree can then be recovered, due to the uniquenesstheorems for tree metrics, and the edge weightings can usually be interpreted to give an indicationof the divergence times. Although this sounds like the ideal way to reconstruct trees, there aresome di�culties. Chie
y, since the observed character frequencies only approximate the expectedfrequencies, the distance obtained usually is not a tree-additive distance, and it is necessary to tryto �nd a tree-additive distance that is in some sense \close" to the observed distance. Findingmethods of doing so is consequently an important problem in phylogenetics.Maximum likelihood methods seek to choose the tree that best explains the data underthe assumed model. This usually involves a two step optimisation procedure: �rst the probabilityof generating the data on a given tree is optimised over the parameters of the model (for example,under the assumption of a K3ST model, this would involve maximising over �, �, 
 and the edgelengths), then this maximum is optimised over all possible trees. Again the edge lengths canusually be interpreted to give divergence times. The main di�culty with this approach is that it isvery computationally intensive, especially when the number of taxa is large. The number of binarytrees on n leaves is (2n � 5)!! = 1:3:5 : : :(2n � 5) which grows very rapidly, so it soon becomesinfeasible to optimise over all n taxa trees. Usually heuristic approaches are used: a \good guess"at the tree is built up in some way, and then various rearrangements are made to try to �nd a treewith a higher likelihood value.



Chapter 4The LogDet transformation: therecan be only one4.1 The LogDet transformationAn important issue in reconstructing trees from sequence data is whether the sequences actuallycontain enough information about the tree to do so. The LogDet transformation, due to Changand Hartigan [8] and independently to Steel [36] (see also Lake [28] and Zarkikh [46]), shows thatunder some very mild assumptions, tree reconstruction is in fact possible under the basic model.To motivate this transformation, consider the tree in �gure 4.1.
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DFigure 4.1: An example tree to motivate the LogDet transformation. The numbers are the leaflabels, the letters the transition matrices, and � is the root distribution.The joint probability matrix J(x; y) of taxon x and taxon y is the matrix with ij-entryJij(x; y) = P[(�(x) = i) ^ (�(y) = j)]:Consider J(1; 6). We have Jij(1; 6) = Xk;l;m;p�kAklBlmCmiHkpLpj= (CTBTAT�HL)ij18



CHAPTER 4. THE LOGDET TRANSFORMATION: THERE CAN BE ONLY ONE 19where � = diag(�), so that J(1; 6) = CTBTAT�HL. Provided the determinant of � and everytransition matrix on the path from leaf 1 to leaf 6 is nonzero, we can take the logarithm of theabsolute value of the determinant of J(1; 6) to getlog j det J(1; 6)j = log j detCj+ log j detBj + log j detAj+ log j det�j+ log j detHj+ log j detLj:The right-hand side has split into a sum with a contribution from each edge, which suggests thatdxy = � log j det J(x; y)j (4.1)(the negative sign is because the determinant of a transition matrix has modulus less than orequal to one) might be a tree-additive distance, with edge weights roughly equal to � log j detP ej,perhaps with some correction due to the root distribution. This turns out to be the case, underthe assumption thatfor every edge e, detP e 62 f0;�1g; �i > 0 for every state i. (4.2)Writing �k(v) for P[�̂(v) = k], the correct choice of edge weighting (Steel [36]) is�(e) = � log j detP ej � 12 logYk2A�k(v)if e = (v; w) and w is a leaf, and�(e) = � log j detP ej � 12 logYk2A�k(v) + 12 logYk2A�k(w)if e = (v; w) and w is not a leaf.Note that in reconstructing T from d, there is no information as to the placement of the root;we instead obtain the unrooted tree T�� obtained from T by deleting the root � and identifyingthe two incident edges if � has degree two, or simply regarding T as unrooted if � has degree otherthan two. Hence we have:Theorem 4.1 (Steel [36]) Each leaf-labelled tree, up to the placement of its root, is uniquelyde�ned by the character frequencies it generates under the basic model with assumption (4.2).More recently Chang [6] gives conditions under which the transition matrices, in addition tothe tree topology, may be reconstructed from distributions of triples.4.2 There can be only oneWhat makes the LogDet transformation work? It should be clear that, restricting our attentionfor the moment to transition matrices with positive determinant, the main reason it works isbecause the map � = log det is a homomorphism into the real numbers under addition. A secondproperty of � is that it is continuous, which is important since we would like our output trees todepend continuously on the input. We show here that � = logdet is the only map with these twoproperties, up to scalar multiples.We �rst make some notational de�nitions. Let Mn =Mn(R) be the set of n� n matrices withreal entries, and let GLn = GLn(R) �Mn be the group of non-singular n�n matrices. We denotecertain subsets of Mn as follows, where 1 is the vector of ones.Rn = fM 2MnjM1 = 1gR+n = fM 2 Rnj detM > 0gTn = fM 2 RnjMij � 0 8 i; jgT+n = Tn \R+n



CHAPTER 4. THE LOGDET TRANSFORMATION: THERE CAN BE ONLY ONE 20Rn is the set of matrices with row sums one, and R+n consists of those matrices with positivedeterminant. Tn is the set of transition matrices, and T+n is the set of transition matrices withpositive determinant.Clearly Rn is closed under multiplication, since if A;B 2 Rn then AB1 = A1 = 1; further, ifA 2 Rn is non-singular, then A1 = 1 so A�1A1 = A�11, giving A�1 2 Rn. It follows that R+n isa group. Tn is also closed under multiplication, so Tn and T+n are sub-semigroups of Rn and R+nrespectively. We note also that if M 2 Tn then j detM j � 1.Theorem 4.2 If  : T+n 7! (R;+) is a continuous homomorphism then  is a scalar multiple of� = logdet.Proof We show that  lifts to a continuous homomorphism � : R+n 7! (R;+) such that � jT+n =  ,and that �� = logdet is the only continuous homomorphismof R+n into (R;+) up to scalar multiples.It follows that  = � jT+n is a scalar multiple of log det.Lemma 4.1 R+n is generated by T+n .Proof Since T+n � R+n the group hT+n i generated by T+n is contained in R+n . We show hT+n i = R+nby showing that R+n is connected, which implies it is generated by each neighbourhood of theidentity. We then show that there is a 2 T+n and an open neighbourhood U of a in R+n that iscontained in T+n . Then a�1U � hT+n i is an open neighbourhood of I in R+n and so generates R+n ,giving R+n � hT+n i.To show that R+n is connected we change basis for Rn to an orthonormal basis B with �rstelement 1=jj1jj. This transformation may be written M 7! TMT�1 for invertible T and so givesa (topological) isomorphism of R+n onto L+n , where L+n is the set of matrices of the form� 1 cT0 M � : c 2 Rn�1; M 2 GL+n�1 :Subtracting t times the �rst column from the ith column for t from 0 to ci, for each column inturn, gives a path from � 1 cT0 M � to � 1 0T0 M � ;so we need only show that fA 2 L+n jA1j = 0; j = 2; : : : ; ng is connected. Since this is homeomorphicto GL+n�1(R) which is connected [32, page 22], R+n is connected.To see that there is a and U as claimed, considera = exp(11T � nIn) = 0BBBB@ 1� p pn�1 � � � pn�1pn�1 1� p ...... . . . pn�1pn�1 � � � pn�1 1� p 1CCCCA ;where p = n�1n (1 � exp(�n)). We have det a = e�n(n�1) > 0 and aij > 0 for each i; j so a 2 T+n .Since det is continuous, we may choose an open ball about a in Rn such that if b 2 U then0 < det b < 1 and bij > 0 for all i; j. Hence U is a neighbourhood of a contained in T+n . Thiscompletes the proof. �We now show that a continuous homomorphism  : T+n 7! (R;+) lifts to a continuous homo-morphism � : R+n 7! (R;+) such that � jT+n =  . To do this we require the following algebraiclemma.



CHAPTER 4. THE LOGDET TRANSFORMATION: THERE CAN BE ONLY ONE 21Lemma 4.2 Let G;H be groups and S a generating sub-semigroup of G. If, for each a; b 2 S thereexists m;n 2 S such that am = bn, then any homomorphism � : S 7! H lifts to a homomorphism�� : G 7! H such that ��jS = �. Further, if G and H are topological groups, � is continuous andthere is U open in G contained in S, then �� is continuous.Proof Since S generates G, each g 2 Gmay be written as a �nite product of the form g = s�11 � � �s�kkwhere each si is in S and each �i 2 f�1g. The map given by��(s�11 � � �s�kk ) = �(s1)�1 � � ��(sk)�kwill be the required homomorphismprovided it is well de�ned. It su�ces to show that if s�11 � � �s�kk =1G then �(s1)�1 � � ��(sk)�k = 1H .Using the homomorphismproperty of � in S, we may assume that plus and minus signs alternatein any expression of the form s�11 � � �s�kk . We now use the fact that for each a; b 2 S there ism;n 2 Ssuch that am = bn to gather all the inverses at one end, since this allows us to write a�1b as mn�1.Further, �(a)�(m) = �(am) = �(bn) = �(b)�(n)and hence �(a)�1�(b) = �(m)�(n)�1, so that in re-writing the product in G we do not change thevalue of the product in H. Thus each expression s�11 � � � s�kk = 1G may be re-written as s01s02�1 = 1Gwith �(s1)�1 � � ��(sk)�k = �(s01)�(s02)�1. But if s01s02�1 = 1G then s01 = s02, so �(s01)�(s02)�1 = 1H ,and therefore �� is well de�ned.Note that as a consequence of the above argument, every element of G may be written in theform ab�1 for a; b 2 S.Suppose now that G and H are topological groups, � is continuous and there is U open in Gcontained in S. To show that �� is continuous we need only show that for every neighbourhood Nof 1H there is a neighbourhood N 0 of 1G such that ��(N 0) � N . Choose a 2 U . Then �(a)N isa neighbourhood of �(a); since � is continuous, there is a neighbourhood N 00 of a contained in Usuch that �(N 00) � �(a)N . Then N 0 = a�1N 00 is a neighbourhood of 1G, and��(N 0) = ��(a)�1 ��(N 00) = �(a)�1�(N 00) � �(a)�1�(a)N = N;so �� is continuous. �Corollary 4.1 Any continuous homomorphism  : T+n 7! (R;+) lifts to a continuous homomor-phism � : R+n 7! (R;+) such that � jT+n =  . That is, such that the diagramR+n R-�  @@@@RT+n?icommutes, where i : T+n 7! R+n is the inclusion map.Proof In order to use Lemma 4.2, we must show that for each A;B 2 T+n there are M;N 2 T+nsuch that AM = BN ; for the open set U we may use the neighbourhood U of a in the proof ofLemma 4.1.Let � = (1=n; : : : ; 1=n) and let P (t) = exp(tR�) where R� = 1� � In. Then P (t) 2 T+n for allt � 0, and P (t)! 1� as t!1. Consider F (t) = B�1AP (t):As t!1, F (t)! B�1A1� = B�1(A1)� = B�11� = 1�:



CHAPTER 4. THE LOGDET TRANSFORMATION: THERE CAN BE ONLY ONE 22Choose an open neighbourhood V of 1� in Rn such that if C 2 V then Cij > 0 for all i; j andj det Cj < 1=2. Since F (t) ! 1�, there is � such that F (� ) 2 V . Then B�1AP (� ) has positiveentries, and det B�1AP (� ) > 0, so B�1AP (� ) = N 2 T+n . Letting M = P (� ) 2 T+n we obtainAM = BN and the lemma follows. �We now show that any continuous homomorphism � from R+n into (R;+) must be a scalarmultiple of �� = log det. Since (R;+) is abelian, the kernel of � must contain the commutatorsubgroup of R+n . Calculating this subgroup is the substance of the following lemma.Lemma 4.3 The commutator subgroup R+n 0 of R+n isR+n \ SLn(R) = fM 2 R+n j detM = 1g:Proof Again we use the isomorphismofR+n to L+n from the proof of Lemma 4.1. This isomorphismpreserves det, so we must show that L+n 0 = L+n \SLn(R). Since detABA�1B�1 = 1, one inclusionis immediate. For the reverse inclusion, we must show that all matrices of the form� 1 cT0 C � : c 2 Rn�1 C 2 SL+n�1are in L+n 0.We �rst note that, since SL0n = SLn for all n, the commutator subgroup of GL+n�1 is SLn�1.Hence each C 2 SLn�1 may be written either as a commutator of matrices in GL+n�1 or as aproduct of such commutators. Suppose C is a commutator in GL+n�1, say C = ABA�1B�1. Since(kA)B(kA)�1B�1 = C, we may assume that A does not have 1 as an eigenvalue. A�1 � In�1 isthen non-singular, and we may put dT = cTB(A�1 � In�1)�1:The commutator of � 1 0T0 A � and � 1 dT0 B � is then� 1 0T0 A �� 1 dT0 B �� 1 0T0 A�1 �� 1 �dTB�10 B�1 � = � 1 dT0 AB �� 1 �dTB�10 A�1B�1 �= � 1 �dTB�1 + dTA�1B�10 ABA�1B�1 �= � 1 cT0 C � ;since �dTB�1 + dTA�1B�1 = dT(A�1 � In�1)B�1 = cT:If C is a product of commutators in GL+n�1 then C = C 0D where D is a commutator and C 0 aproduct of commutators. From above, � 1 cT0 D � and � 1 0T0 C 0 � are in L+n 0, so� 1 0T0 C 0 �� 1 cT0 D � = � 1 cT0 C 0D � = � 1 cT0 C �



CHAPTER 4. THE LOGDET TRANSFORMATION: THERE CAN BE ONLY ONE 23is in L+n 0. The lemma follows. �Let � be a continuous homomorphism of R+n into (R;+). Since R+n is connected and � contin-uous, � (R+n ) is connected. The only connected subgroups of (R;+) are R itself and f0g; we needconsider only the �rst case. Since �� = logdet is a continuous homomorphism of R+n onto R withkernel R+n \ SLn = R+n 0, and ker � � R+n 0, if ker � 6= R+n then ker � = ker �� = R+n 0. We thereforeobtain the following diagram, where �, ~� and ~ are the natural maps:R R+n=R+n 0� ~� R-~ R+n�� �������	 ?� � @@@@@@@R :The continuity of �� and � imply that ~� and ~ respectively are continuous; moreover if �� is an openmapping then ~��1 is continuous (see [33, Theorem 11]). Since log is open, we need only show thatdet : R+n 7! (R+; �) is open; this means showing that for every neighbourhood U of In in R+n , thereis a neighbourhood U 0 of 1 in R such that det(U ) � U 0.Choose 1 > � > 0 such that the matrixJa = In � aE11+ aE12(that is the matrix with 11-entry 1 � a, 12-entry a, ones on the rest of the diagonal and zeroselsewhere) is in U whenever jaj < �. Since det Ja = 1 � a, we have (1 � �; 1 + �) � det(U ) andtherefore det is open. It follows that ~ � ~��1 : (R;+) 7! (R;+) is a continuous isomorphism of(R;+).Now the only continuous isomorphisms of (R;+) are scalar multiplication. To see this, suppose� is such an isomorphism and let r 2 Q, with r = p=q in lowest terms. Thenq��pq� = �(p) = p�(1):Hence ��pq� = pq�(1), so �(r) = r�(1) for all r 2 Q. Since Q is dense in R and � continuous, wehave �(x) = x�(1) for all x 2 R. Therefore~ � ~��1 = k idfor some k, and composing on the right with ~� we get ~ = k ~�. The result follows. �4.2.1 The structure of R2The structure of R2 is particularly simple and admits a second direct proof of Theorem 4.2, whichwe give here.Each matrix on R2 may be written in the formma;b = � 1� a ab 1� b �
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a+ b = 01� a� b = 0a

b
R+2 T2 T+2

b = 1 a = 1
Figure 4.2: The structure of R2.for a; b 2 R, and conversely every such matrix belongs to R2. ma;b has determinant 1 � a � b, solevel curves of det are lines with slope �1; in particular the singular matrices lie on 1� a� b = 0,and the matrices of determinant one lie on a + b = 0. T2 is the box [0; 1]� [0; 1], and T+2 thetriangle f(a; b)j0 � a < 1; 0 � b < 1� ag (see �gure 4.2). From equation (2.6) we see that the partof the line through the origin with slope �=� that lies below the line 1� a� b = 0 may be writtenas the one-parameter subgroup fexp(tR)jt 2 Rg, whereR = � �� �� �� � : (4.3)In particular every matrix in T+2 may be expressed as a transition matrix of a continuous timeMarkov process.Let  : T+2 7! (R;+). It is easily checked that if SR = fexp(tR)jt � 0g, where R is of the form(4.3), then  jSR is a scalar multiple of logdet. Consider in particular the sets Ma = f(a; 0)ja 2[0; 1)g � T+2 and Mb = f(0; b)jb 2 [0; 1)g � T+2 , which correspond to the rate matrices� �1 10 0 � and � 0 01 �1 �respectively. We may write  jMa = �a logdet and  jMb = �b logdet.
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(a0; b0)a0b0 a = 1

b = 1b01� a0 a01� b0
1� a� b = 0

Figure 4.3: Writing T+2 as MaMb and as MbMa. The dotted lines give a factorisation of (a0; b0) asa matrix in Ma times a matrix in Mb, while the dashed lines through (a0; b0) give a factorisationof (a0; b0) as a matrix in Mb times a matrix in Ma.Let (a0; b0) 2 T+2 . We have� 1� a01�b0 a01�b00 1 �� 1 0b0 1� b0 � = � 1� a0 a0b0 1� b0 � (4.4)and � 1 0b01�a0 1� b01�a0 �� 1� a0 a00 1 � = � 1� a0 a0b0 1� b0 � ; (4.5)(see �gure 4.3), so T+2 =MaMb =MbMa. Applying exp �  to both sides of both (4.4) and (4.5),we get �1� a01� b0��a (1� b0)�b = �1� b01� a0��b (1� a0)�awhich on rearranging gives � 1� a0 � b01� a0 � b0 + a0b0��a��b = 1:It follows that �a = �b = �, and hence  = � log det.



Chapter 5The reconstruction quotient5.1 IntroductionSince the data for reconstructing trees comes from character frequencies, if two distinct (weighted)trees generate the same character frequencies no reconstruction technique will be able to distinguishbetween them. The LogDet transformation shows that, under the basic model, generically this isnot the case: provided that �i > 0 for all i and for every transition matrix M we have detM 62f0;�1g, the underlying tree generating the characters may be reconstructed unambiguously. Inthis chapter we consider this problem in more detail for the modi�ed version of the two state fullysymmetric model in which we allow \in�nite" edge lengths.Theoretical methods of tree reconstruction usually assume that we have \ideal" data, that is,that we can calculate P[�] exactly for each character �. In practice, since we only ever have �nitesequences, this is not the case, and it may be that our estimates of P[�] do not correspond to idealdata from any weighted tree. When this occurs it may be necessary to approximate the observeddata by a point in the space of ideal data. A �rst step towards doing this well is having a goodpicture of what the approximating space looks like. This question of what the space of ideal datalooks like is one that has been raised by Joe Felsenstein (private communication to Mike Steel).A second issue is that of what trees are to be considered \close". Consider the tree metricsgiven by the weighted trees shown in �gure 5.1. As � ! 0, the metrics given by the binary treestend to that given by the star tree, so it might be natural to think of these three weighted trees asbeing \close" for small values of �, even though the underlying tree topologies are di�erent. Sincewe would ideally like our output trees to depend in a continuous manner on our input data, a goodunderstanding of this point is also important.With these two related problems in mind we introduce the reconstruction quotient and provetwo structure theorems for it in the case of the two state fully symmetric model. By a suitablechoice of topology, the set of all transition matrix valued edge-weighted trees may be made into atopological space. Since no reconstruction method can distinguish between two trees that generatethe same character frequencies, it is natural to identify weighted trees with the same image underthe character frequency map. The resulting quotient space we will call the reconstruction quotient ,and provided a good choice was made for the topology on the space of weighted trees, the topologyon the quotient space should give a good insight into the problems raised above.Work by Chang [6] giving conditions under which the transition matrices may be reconstructedin addition to the tree topology is also relevant to these problems.26
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� � ��! 0 �! 0 �! 0Figure 5.1: Consider the three binary trees with edge weights as shown, where � > 0. As �! 0 thetree metric given by the edge weightings will tend towards that given by the weighted star tree, soit is natural to think of these weighted trees as \close" for small values of �.5.2 The two state fully symmetric modelThe two state fully symmetric model has root distribution � = (1=2; 1=2) and rate matrixR = � �1 11 �1 � :By (2.6) the transition matrices then have the formP e = � 1� pe pepe 1� pe � ; (5.1)where pe = 12(1 � exp(�2�e)) and is called the mutation probability of the edge. The muta-tion probabilities give a convenient description of the model: letting p be the vector of mutationprobabilities we have simplyP[�̂jT; p] = 12 Yfu;vg2E(T ):�̂(u)=�̂(v) �1� pfu;vg� Yfu;vg2E(T ):�̂(u)6=�̂(v) pfu;vg : (5.2)The mutation probability pe is a monotonically increasing function of �e, satisfying 0 � pe < 1=2on [0;1). It is often convenient to modify this model to allow the possibility pe = 1=2 and this isthe model we will be considering here.If we write a character � : [n] 7! f�; �g as the subset � = ��1(�), an alternative description ofP[�jT; p] is given by P[�jT; p] = 12n XX�[n]:jXj�0 mod 2(�1)j�\Xj Ye2P (T;X)(1� 2pe) (5.3)where P (T;X) is the set of edges of T used by an odd number of paths when the vertices of X arematched arbitrarily by paths [18, 19, 39] (note that P (T;X) is independent of the way in whichthe vertices are matched). We will write ze for 1 � 2pe, and z for the vector (ze)e2E(T ). Clearlyze 2 [0; 1] for each e.



CHAPTER 5. THE RECONSTRUCTION QUOTIENT 28pe1pe2T pe1pe2T 0 T 02T2
pe = 1=2 T1pe = 0 T 01z0e1 = ze1ze2pe3 z0e3 = ze3ze4

pe3pe pe3
pe4pe4 pe4pe2pe1Figure 5.2: The e�ect of mutation probabilities of 0 and 1=2. Circles denote rooted subtrees. Whenpe = 0, the e�ect is to contract e; when pe = 1=2, the e�ect is to delete e. In the latter case we maysuppress unlabelled vertices of degree two provided we weight the resulting edges appropriately.5.3 Labelled forestsThe transition matrix (5.1) has determinant 1 � 2pe, so we have detP e 2 f0;�1g when pe 2f0; 1=2g. Let T be a tree and suppose pe = 0 for some edge e = fu; vg. If �̂(u) 6= �̂(v) thenP[�̂jT; p] = 0, so in calculating P[�jT; p] we need sum over only those extensions of � such that�̂(u) = �̂(v). For such extensions the edge e contributes a factor of 1 to P[�̂jT; p], so that P[�jT; p] =P[�jT 0; p0] where T 0, p0 are the tree and edge weighting obtained from T , p by contracting e (see�gure 5.2). So the e�ect of having pe = 0 is that e may be considered to be contracted, or to havezero length.Suppose now that pe = 1=2. Let T1, T2 be the trees obtained from T by deleting e and �̂1, �̂2the restrictions of �̂ to the vertices of T1 and T2 respectively. Let p1 and p2 be the restrictions ofp to the edges of T1 and T2. Edge e contributes a factor of 1=2 to P[�̂jT; p] regardless of whether�̂(u) = �̂(v) or not, so thatP[�̂jT; p] = 14 Yfx;yg2E(T )ne:�̂(x)=�̂(y) (1� pfx;yg) Yfx;yg2E(T )ne:�̂(x)6=�̂(y) pfx;yg= P[�̂1jT1; p1]P[�̂2jT2; p2]:It follows that P[�jT; p] = P[�1jT1; p1]P[�2jT2; p2] for any character �, where �1 and �2 are therestrictions of � to the labels of T1 and T2 respectively, so the e�ect of pe = 1=2 is to delete e,dividing T into two parts. The resulting trees T1 and T2 may have unlabelled vertices of degreetwo, but by suppressing such vertices and weighting the resulting edge appropriately as in �gure 5.2we may deal simply with trees without such vertices.The above discussion motivates our introduction of labelled forests. Given a label set L, a treestructure on L or an L-labelled tree is a tree T and a labelling ` : L 7! V (T ) such that everyvertex of degree less than or equal to two is in the image of L. This terminology is due to Bandeltand Dress [1] and Warnow [43] respectively, and is a more natural setting for the study of splits



CHAPTER 5. THE RECONSTRUCTION QUOTIENT 29and tree metrics than the leaf-labelled tree. We obtain an L-labelled forest similarly be droppingthe requirement that the graph is a tree and allowing it to be a forest. In other words, we havea partition � of L together with an �i-labelled tree T (�i) for each part �i of �. We will usuallyrequire that L = [n] and refer to them as n-labelled forests.Note that P[�jF; p] is given by the product of P[(�j�iF )jT (�iF ); p] over the parts �iF of �F .5.4 The reconstruction quotientWe now introduce the reconstruction quotient, our main object of interest in this chapter. Althoughwe make all our de�nitions for labelled forests, our primary interest is leaf-labelled trees.Given an n-labelled forest F , let W(F ) be the set of edge weightingsz : E(F ) 7! [0; 1]with the topology induced by the Euclidean metricjjz � z0jj = 0@ Xe2E(F )(ze � z0e)21A12 :Clearly W(F ) is homeomorphic to [0; 1]jE(F )j; if F is a binary tree this is [0; 1]2n�3. Now de�nePF :W(F ) 7! [0; 1]2n : z 7! (P[�jF; z])f�j�:[n]7!f�;�gg ;that is, PF takes z to the vector of frequencies of characters generated on F with mutation prob-abilities pe = (1� ze)=2.We extend these de�nitions to sets of n-labelled forests in a natural way as follows. If S is sucha set, let W(S) = aF2SW(F )with the disjoint union topology (so U is open in W(S) if and only if U \W(F ) is open for allF 2 S), and de�ne PS by PS(z) = PF (z) if z 2 W(F ). The reconstruction quotient of S, R(S),is the space obtained fromW(S) by identifying points with the same image under PS,R(S) :=W(S)= ker PS :In particular, we are interested in the structure of R(T ), where T is a binary tree, and R(Tn),where Tn is the set of all binary trees on n leaves.A second space of interest is the LogDet quotient LD(S). This is the quotient of W(S)obtained by identifying weighted trees that the LogDet transformation is unable to distinguishbetween. For the model described here, the joint probability matrices have the formJ(i; j) = 8>>>><>>>>: 14 � 1 11 1 � if i; j lie in di�erent parts of �F12 � 1� pij pijpij 1� pij � if i; j lie in the same part of �F ;where 1� 2pij = Ye2Pij(1� 2pe);



CHAPTER 5. THE RECONSTRUCTION QUOTIENT 30in which Pij is the path from leaf i to leaf j. We then havedet J(i; j) = 14(1� 2pij):Hence, de�ning the path product function �F :W(F ) 7! [0; 1](n2) by�Fij(z) =8>><>>: 0 if i; j lie in di�erent parts of �FYe2Pij ze if i; j lie in the same part of �Ffor each two element subset fi; jg � [n], and extending this to sets of forests as for PF , we haveLD(S) =W(S)= ker �S :Since the entries of the joint probability matrices are sums of character frequencies, the LogDetquotient is always a quotient of the reconstruction quotient. We show here that for the two statefully symmetric model we have in fact LD(S) = R(S).Lemma 5.1 For any set S of n-labelled forests we have LD(S) = R(S) under the two state fullysymmetric model.Proof We must show that given n-labelled forests F1 and F2 and weightings z1 2 W(F1), z2 2W(F2), if �F1 (z1) = �F2 (z2) then PF1(z1) = PF2(z2). By contracting edges where ze = 1 anddeleting edges where ze = 0, we obtain forests F 01, F 02 and weightings z01 2 W(F 01), z02 2 W(F 02)such that for i = 1; 2, �F 0i (z0i) = �Fi (zi), PF 0i (z0i) = PFi(zi), and z0ie 2 f0; 1g for no edge e 2 E(F 0i ).Now �F 0ijk (z0i) > 0 if and only if j and k lie in the same part of �F 0i , so we must have �F 01 =�F 02 = �. We consider each part �m of � separately. Restricting �F 0i to the labels in �m we obtaina multiplicative distance on �m such that all edge weights lie in (0; 1). By the uniqueness theoremsfor tree metrics we then have T 01(�m) equal to T 02(�m) and z01 restricted to E(T 01(�m)) equal to z02restricted to E(T 02(�m)). It follows that PF1(z1) = PF2(z2) and we are done. �Two approaches to studying these quotient spaces readily present themselves. The �rst isthrough the images PS(W(S)) and �S(W(S)). Since both PS and �S are continuous maps withcompact domain, they are closed, and as maps fromW(S) to PS(W(S)) and �S(W(S)) respectivelythey are surjective. It follows thatR(S) �= PS(W(S)) and LD(S) �= �S(W(S)):This is the approach we will take here and we will study these spaces using elementary methods.However a second perhaps more fruitful approach is through the language of cellular complexes (areference is [29]). We may introduce a cell structure for W(T ) (and so for W(S)) via the faces ofthe cube W(T ). If W(Ec;Ed)(T ) is the faceW(Ec;Ed)(T ) = fz 2 W(T )jze = 0 8e 2 Ed; ze = 1 8e 2 Ecgthen �T (W(Ec ;Ed)(T )) = �F (W(F )) where F is the forest obtained from T by contracting the edgesin Ec and deleting the edges in Ed. It may then be shown that ker �S is a cellular equivalencerelation, so we obtain a cell structure for LD(T ). A natural object of study using this approachis the face poset , which turns out to be a suitable restriction of the set of n-labelled forests,partially ordered by the relation \F1 may be obtained from F2 by edge contractions and deletions."Figure 5.3 shows this poset for n = 3. The notion of shellability [2, section 4.7] may apply and itmay be possible to deduce the topological type of these spaces.



CHAPTER 5. THE RECONSTRUCTION QUOTIENT 31

1

2 3

1

2 3

1

2 3

1,3

1

2 3
2

1

3

2 3

1

1

32

2 3

1

2,3

1,2

1,2,3 1,3

2,3

11

32

1,2

2 3Figure 5.3: Hasse diagram of the face poset when n = 3. The number of edges of each forest corre-sponds to the dimension of the corresponding face and the partial order is given by containment.The forests at the bottom are zero dimensional cells (vertices), the forests in the next level up areone dimensional cells (edges) with faces the vertices lying beneath them, and so on. The resultingcomplex looks rather like three rhombuses sewn together to form a ball and then stu�ed.



CHAPTER 5. THE RECONSTRUCTION QUOTIENT 325.5 Two structure theoremsWe now prove two structure theorems for the reconstruction quotient under the two state fullysymmetric model, namely that R(T ) is contractible for a �xed tree T , and that R(T4) is con-tractible. The map �F is simpler than the map PF so we study these spaces via the image under�F .We denote the interval [0; 1] by I and homotopy equivalence by '.5.5.1 The reconstruction quotient is contractible for a �xed treeIn this section we prove our �rst structure theorem for the reconstruction quotient, that R(T )is contractible for a �xed tree T . We show this by constructing homotopies in the space of edgeweightings that are su�ciently well behaved on equivalence classes that they may be pushed downto �T (W(T )), and contract R(T ) to a point in steps.Given a forest F let W0(F ) = fz 2 W(F )jze = 0 for some e 2 E(F )g:If z 2 W(F ) n W0(F ) then (�F )�1(�F (z)) = fzg since contracted edges may be \popped" unam-biguously using knowledge of the underlying forest. Thus all non-singleton equivalence classes arecontained in W0(T ), which will allow us to restrict our attention to forests that may be obtainedfrom T by edge deletions. Our main tool will be the following lemma, which says that the recon-struction quotient of a forest F is homotopically equivalent to the reconstruction quotient of theset of forests that may be obtained from F by deleting a single edge.Lemma 5.2 For any forest F , �F (W0(F )) is a strong deformation retract of �F (W(F )).Proof Let HF :W(F )� I 7! W(F ) be the projection in the (1; 1; : : : ; 1) direction given byHF (z; t) = z � t� mine2E(F ) ze� (1; 1; : : : ; 1):Then HF is a strong deformation retraction of W(F ) onto W0(F ). We show that there is a map~HF such that the diagram �F (W(F )) � I �F (W(F ))-~HFW(F )� I W(F )-HF?�F � id ?�Fcommutes, and that ~HF has the required properties.Firstly, ~HF = �F � HF � (�F � id)�1 is well de�ned, since �F j(W(F )nW0(F )) is one to one,and HF (�; t)jW0(F ) is the identity. Next, it is continuous, because HF and �F are continuous and�F � id is a closed map. Finally, the conditions for ~HF to be a strong deformation retraction carryover from the corresponding conditions for HF , and we have the result. �Given a tree T , let D(T ) be the set of forests that may be obtained from T by edge deletions.Each forest F 2 D(T ) is completely determined by T and the partition �F of [n]. We order D(T )by the relation \F1 may be obtained from F2 by edge deletions," denoted F1 � F2, to obtain a



CHAPTER 5. THE RECONSTRUCTION QUOTIENT 33poset with a unique maximal element (the tree T ) and a unique minimal element (the forest F0with no edges). Furthermore every maximal chain in D(T ) has the same length ` = j�F0 j � 1. Aposet P with unique maximal and minimal elements and such that every chain has the same lengthis called graded , and the rank �(x) of the element x is the length of the subposet fy 2 P jy � xg.In our case the rank of the forest F depends only on the number of parts of the partition �F andis given by �(F ) = j�F0 j � j�F j. Figure 5.4 illustrates this poset for the four taxa tree that groupstaxa 1 and 2 together.Let F 0 � F denote the relation \F 0 may be obtained from F by deleting a single edge" andobserve that �F (W0(F )) = [F 0�F �F 0 (W(F 0)):By Lemma 5.2, SF 0�F �F 0 (W(F 0)) is a strong deformation retract of �F (W(F )) via the map ~HF .Our aim is to glue these maps together for each rank to obtain strong deformation retractions of[F2D(T )�(F )=i �F (W(F )) onto [F2D(T )�(F )=i�1�F (W(F ))for each i. Let F1 and F2 have the same rank, F1 6= F2, and consider the intersection �F1 (W(F1))\�F2(W(F2)). If F1 may be obtained from T by deleting edges E1 and F2 by deleting edges E2,then �F1(W(F1)) \ �F2(W(F2)) = �F3(W(F3))where F3 is the forest obtained by deleting E1 [E2. In particular�F1 (W(F1)) \ �F2(W(F2)) � �Fi(W0(Fi))for i = 1; 2. Since the maps ~HFi(�; t)j�Fi (W0(Fi)) are the identity, ~HF1 and ~HF2 agree on theintersection of their domains, so we may use the map gluing theorem to obtain a strong deformationretract of �F1 (W(F1))[�F2 (W(F2)) onto �F1 (W0(F1))[�F2(W0(F2)). It follows that for 1 � i ��(T ), we have [F2D(T )�(F )=i �F (W(F )) ' [F2D(T )�(F )=i�1�F (W(F ))as desired. This gives �T (W(T )) ' �F0 (W(F0)), and since �F0 (W(F0)) is a singleton, it followsthat R(T ) is contractible for any tree T .5.5.2 The four taxa reconstruction quotient is contractibleIn this section we prove a second structure theorem for the reconstruction quotient, namely thatR(T4) is contractible. The method is similar to that used in section 5.5.1: we construct suitablehomotopies in the space of edge weights that may be pushed down into �T4(W(T4)) using �T4 ,contracting �T4(W(T4)) to a point in steps.Denote the tree that groups taxon i with taxon 1 by T1i and let the edge weightings be as in�gure 5.5. Let � = (�12; �13; �14; �23; �24; �34) 2 �T4(W(T4)). From the four-point condition (2.2)we have � 2 �T4(W(T12)) if �12�34 � �13�24 = �14�23� 2 �T4(W(T13)) if �13�24 � �12�34 = �14�23� 2 �T4(W(T14)) if �14�23 � �13�24 = �12�34:
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Figure 5.4: Hasse diagram of the poset of forests obtained by edge deletions from the four taxatree that groups taxon 1 with taxon 2. The tree itself is the unique maximal element and the forestwith no edges the unique minimal element. The rank of a forest is its height above the minimalelement; this is well de�ned since every maximal chain has length three. Forests of the same rankhave the same number of connected components.



CHAPTER 5. THE RECONSTRUCTION QUOTIENT 3512 w5 x5z5T12 T13 T1434 1 243 4 321z1 z3z2 z4 w1w3 w2w4 x1x4 x3x2Figure 5.5: The three four taxa binary trees T12, T13 and T14, with their edge weightings.Hence, if i 6= j then�T4(W(T1i)) \ �T4(W(T1j)) = 4\k=2�T4(W(T1k))= �� 2 �T4(W(T4))j�12�34 = �13�24 = �14�23	 :If z 2 W(T12) we have �T4 (z) 2 T4k=2 �T4(W(T1k)) when z1z2z3z4 = z1z2z3z4z5, which impliesz5 = 1 or z1z2z3z4 = 0, with similar conditions holding for w 2 W(T13) and x 2 W(T14). Thus fory 2 W(T1i) we have ��T4��1 ��T4(y)� = fyg if and only if y 62 W0(T1i) [ fy5 = 1g.For z 2 [0; 1]5 let s(z) be the stereographic projection of z onto the setA = [0; 1]5 \  5[i=1fzi = 0g![ fz5 = 1g!from the point (32 ; 32 ; 32 ; 32 ; 12), and de�ne H : [0; 1]5� I 7! [0; 1]5 byH(z; t) = (1� t)z + t � s(z):Then H is a strong deformation retract of [0; 1]5 onto A. Viewing H as a map fromW(T1i)� I toW(T1i) and arguing as in Lemma 5.2 we obtain a strong deformation retract H1i of �T4(W(T1i))onto �T4 (W0(T1i) [ fy5 = 1g). Since H1i and H1j, 2 � i; j � 4, agree on the intersection oftheir domains we may use the map gluing theorem to obtain a strong deformation retract ~H of�T4(W(T4)) onto �T4 ��S4i=2W0(T1i)� [W(T1234)�, where T1234 is the star tree on four taxa.From Lemma 5.2, �T4(W0(T1234)) � �T4 �S4i=2W0(T1i)� is a strong deformation retract of�T4(W(T1234)), and the map ~HT1234 agrees with the identity map on �T4 �S4i=2W0(T1i)� on theintersection of their domains so that using the map gluing theorem we obtain�T4 (W(T4)) ' �T4  4[i=2W0(T1i)! :Now �T4 �S4i=2W0(T1i)� is simply �T4 (W0(T12)) with the addition of the sets�T4 (fw 2 W(T13)jw5 = 0g) and �T4 (fx 2 W(T14)jx5 = 0g) ;



CHAPTER 5. THE RECONSTRUCTION QUOTIENT 36which are the images under �T4 of the spaces of edge weights of the forests3 41 2 and 4 31 2 (5.4)respectively. If P is the poset of trees obtained from D(T12) (the poset in �gure 5.4) by adding thetrees in (5.4) and removing T12, then we may argue as in section 5.5.1 to show that[F2P�(F )=i �F (W(F )) ' [F2P�(F )=i�1�F (W(F ))for i = 1; 2. We then have �T4(W(T4)) ' �F40 (W(F 40 )), where F 40 is the four taxa forest with noedges, so that R(T4) is homotopic to a point.5.6 DiscussionWe have proved two structure theorems for the reconstruction quotient, namely that R(T ) iscontractible for any tree T and that R(T4) is contractible, results showing that these spaces are insome sense \simple". We leave as open problems further study of these and related spaces. Somequestions of interest are determining whether the methods used here can be extended to R(Tn)when n � 5, and the determination of topological type. R(T3) appears to be homeomorphic to aball, but the structure of R(T ) is less clear when T is a tree on n leaves where n � 4.If these questions are successfully answered, further work could look at the geometry of thesespaces in more detail or examine quotients corresponding to more complicated substitution models.



Chapter 6More realistic models: thecovarion hypothesis andrates-across-sites6.1 IntroductionThe basic model assumes that each site evolves i.i.d. at the same rate, according to the simpleMarkov-style assumptions of equation (3.1). However, this single-rate assumption appears to beunrealistic: some sites appear to change very slowly or not at all, while others appear to evolvevery rapidly. This is thought to be due to di�ering functional or structural constraints at eachsite. For example, the state at a particular site may be so critical to the survival of the organismit codes for that any change there is lethal. A change at such a site would accordingly leave norecord. On the other hand, a site that codes for something less important (or even for nothingat all) would be able to change freely. Accordingly, models incorporating some variation of ratesacross sites have been proposed and studied (see for example [7, 24, 37, 44]) to try and take thisinto account.An alternative approach to accounting for di�ering selective constraints is Fitch and Mar-kowitz's \concomitantly variable codons" or \covarion" hypothesis [14]. This proposes that atany given time, some sites are invariable due to functional or structural constraints, but that asmutations are �xed elsewhere in the sequence these constraints may change, so that sites thatwere previously invariable may become variable and vice versa. The pool of variable sites istherefore changing with time (see �gure 6.1). Since its proposal 27 years ago it has been arguedthat evidence supports the covarion hypothesis, both on biochemical grounds, and by providing abetter description of certain data [12, 13, 30]. However, in contrast to the rates-across-sites models,little is known about the analytic properties of covarion-style models.In this chapter we present and analyse a simple covarion-style model. Although the motivationfor this model clearly says that the i.i.d. assumption is not valid, without it the mathematicsbecomes much more di�cult. We therefore keep this assumption and model only the behaviourof a covarion-style process, with a two state Markov process that acts as a \switch", turning sites\on" (variable) and \o�" (invariable). We do not impose any restrictions on the Markov processthat operates at the variable sites other than that it is stationary and reversible. Using techniquesfrom the theory of Markov processes such a model may be analysed and compared with rates-across-sites models in terms of the expected frequencies of characters the models should generate.This is the �rst step in comparing the two models, since if they cannot be distinguished betweenusing in�nite sequences there is no prospect of distinguishing between them with �nite sequences.The i.i.d. assumption may be justi�ed as an approximation to the covarion hypothesis by the37



CHAPTER 6. MORE REALISTIC MODELS 38following remarks. We are concerned here with the limiting frequencies of characters in sequencesas the sequence length becomes large and without reference to the order in which the charactersoccur along the sequence. If the dependency between sites is spatially localised (perhaps undersome reordering of the sites) then the frequencies of the characters will converge towards thosegenerated under an i.i.d. model. This follows from an argument similar to the proof of Bernstein'stheorem (see for example R�enyi [34, page 379]) which requires only that the correlation betweenthe sites, re-ordered if necessary, falls o� su�ciently quickly. In our setting the assumption of localdependency between sites is reasonable. This type of approach is already commonly employed(albeit tacitly) when modelling a distribution of rates-across-sites. In real sequences, high ratesare often associated with particular positions in the sequence (such as the third position in a codon,since it can frequently change without changing the amino acid coded for) or proximity to otherhigh rate sites (so-called hypervariable regions), so the sites are clearly neither independent noridentically distributed. Nevertheless, since the dependency is local, it is usual to suppose thatthe rate at each site is chosen i.i.d. from some distribution, and the resulting i.i.d. model producesindistinguishable character frequencies to the originalmodel as the sequence length tends to in�nity.In section 6.3.1 we �nd an expression for the joint probability matrix of states for two speciesseparated by an evolutionary distance � . This allows � to be determined from the expectedproportion of sites where two species di�er and so gives a tree-additive distance. We then comparethis with the equivalent expression under a rates-across-sites model in section 6.3.4, in order toaddress the question of whether the covarion model will give di�erent results to rates-across-siteswhen several sequences are analysed by comparing each pair in turn. We show that a covarionmodel gives identical results to a suitably chosen rates-across-sites model if only the trace of thejoint probability matrix (that is, the probability the two species are in the same state at a givensite) is considered, and give a partial answer to the question of when covarion and rates-across-sitesmodels can give identical results if the full joint probability matrix is considered.In section 6.4 we show that that the two models can, in principle, be distinguished when thereare at least four monophyletic groups of species. This result if based on the construction of adistance which is tree-additive under certain versions of the covarion model but which, in general,will not be additive under a rates-across-sites model. The distance constructed does not requireknowledge of the parameters of the model and so shows that sequences generated by the covarionmodel do in fact contain information about the structure of the underlying tree.A joint paper with Mike Steel [40] based on the work in this chapter was submitted to Mathe-matical Biosciences in October 1996 and has been reviewed. This chapter is based on the revisedmanuscript which was resubmitted in June 1997.6.2 The models6.2.1 A covarion-style modelWe model a covarion-style process with two parts: a \switch" process, and an \observable" process,which operates while the switch is \on". Only the state of the observable process, and not that ofthe switch process, is able to be measured.The switch is governed by a two state continuous time Markov process with state space O =fon; offg and rate matrix S = � �s1 s1s2 �s2 �where si > 0 for each i. It is assumed to have the stationary initial distribution � = (�1; �2) where�1 = s2s1 + s2 ; �2 = s1s1 + s2 ;so that it is stationary and time-reversible.
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Figure 6.1: Contrasting a covarion style process and rates-across-sites. Under a covarion styleprocess, each site is either \on" or \o�". Sites that are o� are unable to change state, but maylater turn on (due to state changes elsewhere in the sequence) and be able to change. Underrates-across-sites, sites evolve at di�erent rates (shown here as \fast" and \slow"), with faster siteschanging more frequently than slower ones. The rate at a given site is assumed constant acrossthe entire tree.While the switch is in state off, the observable process is unable to change state; however,when the switch is in state on, the observable process is governed by a second stationary and timereversible Markov process with state space A = [r], rate matrix R satisfying Rij > 0 if i 6= j,and initial distribution �. This assumption that Rij > 0 if i 6= j allows us to apply the Perron-Frobenius Theorem ([21, page 125] or [16, page 134]) to I+ 1kR, where k > maxfjRiijg, to concludethat (i) 0 is an eigenvalue of R of multiplicity one, (ii) the remaining eigenvalues of R are negative,and (iii) � has positive entries. We write C = (R;S) for the covarion model C with observableprocess rate matrix R and switch process rate matrix S.This model may be alternatively formulated in terms of a single time-reversible Markov processwith state space A � O (which we identify with [2r] according to (i; on) 7! i, (i; off) 7! i + r),initial distribution �0 = (�1�1; : : : ; �1�r; �2�1; : : : ; �2�r) and 2r � 2r rate matrixR0 = � R� s1Ir s1Irs2Ir �s2Ir � ;where Ir denotes the r�r identity matrix. We assume that we are unable to distinguish between thestates (i; on) and (i; off). The probability of generating a given character is more easily calculatedusing this formulation than the �rst. As usual, if each edge e of the tree is given a non-negative



CHAPTER 6. MORE REALISTIC MODELS 40weight �e, the transition matrices P e are given byP e = exp(�eR0):The probability of generating a particular character is given by a sum over all possible assignmentsof states in A�O to the remaining vertices of the tree. In practice this can be found quickly usinga simple modi�cation of the usual dynamic programming technique.It is easily checked that R0 is stationary and time-reversible whenever R and S are. Further,both formulations lead to the same random process with state space A.6.2.2 Rates-across-sitesA rates-across-sites model D = (Q;D) consists of a stationary and time-reversible continuous timeMarkov process with rate matrix Q and initial distribution �, and a distribution D of rates �,which may be either discrete or continuous. We denote the cumulative distribution function of Dby FD.Each site evolves according to rate matrix �Q where � is chosen i.i.d. according to D. Therate at a given site is assumed constant across the whole tree. This kind of model has been wellstudied, see for example [7, 24, 37, 44].6.2.3 LumpabilityThe second formulation of the covarion model above shows that we may regard it as a Markovprocess F(t) with state space A � O in which we are unable to distinguish between the states(i; on) and (i; off). Calculations involving this model would be much simpler if it could be shownthat the resulting random process on A was also Markov. A Markov process X(t) with state spaceB for which there is a partition B = B1 [ : : : [ Bk such that the random process Y (t) = Bi ifX(t) 2 Bi is Markov is said to be lumpable with respect to the partition fBig.Consider a stationary and reversible Markov chain X(n) with transition matrix P and initialdistribution p such that pi > 0 for all i. Burke and Rosenblatt [4, Theorem 1] give the followingnecessary and su�cient condition for X(n) to be lumpable: Y (n) is Markovian if and only if forany �xed � = 1; : : : ; k, Xj2B� Pij = P[X(n+ 1) 2 B� jX(n) = i] = CB�;B�has the same value for all i in any given collapsed set of states B�, � = 1; : : : ; k. Applying this tothe induced Markov chain F� (n) = F(n� ) for each � > 0, lumpability with respect to the partitiongiven by Bi = f(i; on); (i; off)g = fi; i+ rg would implyPij(� ) + Pi;j+r(� ) = Pi+r;j(� ) + Pi+r;j+r(� )for 1 � i; j � r and � > 0. Di�erentiating at 0 when i 6= j givesR0ij + R0i;j+r = R0i+r;j + R0i+r;j+r;and since R0i;j+r = R0i+r;j = R0i+r;j+r = 0, we get R0ij = 0 also. Thus, F(t) is not lumpable withrespect to this partition, and we cannot analyse the covarion model by simply treating it as aMarkov process on A.6.3 The two taxa treeHere we calculate the joint probability matrix for the two taxa tree (that is, the matrix whose ijentry is the probability that taxon 1 is in state i and taxon 2 is in state j), and give conditions



CHAPTER 6. MORE REALISTIC MODELS 41under which a suitably chosen rates-across-sites model will agree with a covarion model on all twotaxa trees. We also consider the limiting cases of the covarion model as the rate of the switch tendseither to zero or to in�nity.6.3.1 Under the covarion modelThe joint probability matrix may be calculated using either of the two formulations of the covarionmodel. We present the calculation via the �rst formulation. Using the second formulation the ijentry of this matrix is found by summing the probability that taxon 1 is in state (i; o1) and taxon2 is in state (j; o2) for oi = on, oi = off, i = 1; 2.Time reversibility implies we may assume the tree is rooted at either of the leaves. Let theprocess operate for time � on the edge between the two taxa and write JC(� ) for the joint probabilitymatrix. We regard � as the \length" of the edge. Put � = diag(�) and let J(t) be the jointprobability matrix of the unswitched observable process (that is, the Markov process with ratematrix R and initial distribution � operating in the absence of the switch) for time t. If theoccupation time of state on in time � is the random variable X(� ), then, as far as the observableprocess is concerned, the edge has e�ective length X(� ). The joint probability matrix, given thevalue of X(� ), is then J(X(� )). It follows thatJC(� ) = E[J(X(� ))]= E24 rXj=1 e�jX(�)wjwTj 35= rXj=1E[e�jX(�) ]wjwTj ;where we have used the spectral representation from equation (2.5). From Darroch and Morris [9]the moment generating function E[e�X(�)] of X(� ) is given byE[e�X(�)] = �Te�(S+�D)1; (6.1)where D = � 1 00 0 � and 1 = � 11 �. Diagonalising S + �D we obtain the following:Lemma 6.1 The joint probability matrix JC(� ) is given byJC(� ) = rXj=1[c+j e�+j � + c�j e��j � ]wjwTj ; (6.2)where �+j and ��j are the positive and negative roots respectively of�2 + (s1 + s2 � �j)�� s2�j = 0;and c+j = �(s1 + s2 + �+j )��j(s1 + s2)(�+j � ��j ) and c�j = (s1 + s2 + ��j )�+j(s1 + s2)(�+j � ��j ) :We note that, as might be expected, the eigenvalues of R0 are f��j jj 2 [r]g.A common measure of the extent to which two sequences di�er is the proportion of sites atwhich they disagree, known as the dissimilarity. The expected proportion of such sites is given byone minus the trace of the joint probability matrix. From equation (6.2) we obtaintrace(JC(� )) = rXj=1[c+j e�+j � + c�j e��j � ]trace �wjwTj � :For the zero eigenvalue �1 = 0 we have �+1 = 0, ��1 = �(s1 + s2) and w1 = �T, so that we have



CHAPTER 6. MORE REALISTIC MODELS 42Lemma 6.2 The probability that two sequences have the same state at a given site is given bytrace(JC(� )) = ��T + rXj=2[c+j e�+j � + c�j e��j � ]trace �wjwTj � : (6.3)In order to proceed any further with this calculation we need to be able to calculate trace(wjwTj ) =trace(�ujuTj ) for the remaining eigenvalues, which requires some knowledge of R. However, in thecase of the equi-frequent stationary distribution � = (1=r; : : : ; 1=r) we have simply trace(wjwTj ) =trace(1rujuTj ) = 1=r, so thattrace(JC(� )) = 1r + 1r rXj=2[c+j e�+j � + c�j e��j � ]:We conclude this section by establishing some properties of the coe�cients in expression (6.2)that are helpful in determining the behaviour of the covarion model.Lemma 6.3(i) �+ and �� are real increasing functions of � satisfying �� � �(s1 + s2) < �s2 < �+ � 0 on(�1; 0].(ii) c+j ; c�j � 0 (with equality only for � = 0, when c� = 0) and c+j + c�j = 1.(iii) trace(wjwTj ) > 0 and Prj=1 trace(wjwTj ) = 1.Proof (i) Suppose �1 < �2 and consider the functionsf�j (�) = �2 + (s1 + s2 � �j)�� s2�j :If f�1 (�) = f�2(�) then we �nd � = �s2, at which point f�j (�s2) = �s1s2 and f 0�j (�s2) =s1� s2��j . Thus the situation is as illustrated in �gure 6.2, and since �+j and ��j are the roots off�j = 0 it follows that ��1 < ��2 and �+1 < �+2 . For the inequalities, we have �� = �(s1+s2); �+ = 0when � = 0, and f�j (�s2) = �s1s2 < 0 so �� < �s2 < �+, since the f�j are right-way upparabolas.The inequalities in (ii) follow from (i), and the equality c+j + c�j = 1 may be veri�ed directly.For (iii) we have trace(wjwTj ) = wTj wj = jwjj2 > 0 andrXj=1 trace(wjwTj ) = trace rXj=1wjwTj = trace(J(0)) = trace(�) = 1: �6.3.2 Under rates-across-sitesIn the rates-across-sites case, put � = diag(�) and let Q have eigenvalues f�jg. Arguing as forthe covarion model, if �1=2Q��1=2 has orthonormal eigenvectors fyjg, then the joint probabilitymatrix JD(� ) of the rates-across-sites model D is given byJD(� ) = rXj=1E[e�j�� ]zjzTj ;



CHAPTER 6. MORE REALISTIC MODELS 43�s2 f�1 f�2 �Figure 6.2: f�1 lies above f�2 on (�s2;1) and below on (�1;�s2), with f�1(�s2) = f�2(�s2) < 0.Hence ��1 < ��2 < �+1 < �+2 .where zj = �1=2yj . We may write this asJD(� ) = rXj=1M (�j� )zjzTj (6.4)where M (x) = E[e�x] is the moment generating function of D, given by the Lebesgue-Stieltjesintegral M (x) = Z 10 e�xdFD(�):If FD has a continuous derivative fD (its probability density function) this is simplyM (x) = Z 10 e�xfD(�)d�;while if D has only �nitely many rates �1; : : : ; �k and P[� = �i] = pi we haveM (x) = kXi=1 pie�ix:As in the covarion case the probability the two sequences have the same state at a given site isgiven by trace(JD(� )) = ��T + rXj=2M (�j� )trace(zjzTj ); (6.5)in the equi-frequent stationary distribution case � = (1=r; : : : ; 1=r) this istrace(JD(� )) = 1r + 1r rXj=2M (�j� ):These calculations of are not new and similar or equivalent calculations appear in various papersdealing with rates-across-sites models, such as [17, 24, 42].



CHAPTER 6. MORE REALISTIC MODELS 446.3.3 Recovering the evolutionary distance under the two modelsEquation (6.4) may be written JD(� ) = �M (�Q); (6.6)where M is the moment generating function of D applied to matrices. This expression has theadvantage of enabling us to calculate the expected number of substitutions K between the twotaxa without requiring knowledge of Q, viaK = �trace �� �M�1 ���1JD(� )��	 (6.7)[17, 42]. Here M�1 is the inverse of the moment generating function, again applied to matri-ces. This expression gives a tree-additive distance, and since row i of JD(� ) sums to �i, requiresknowledge only of D to reconstruct the tree from JD(� ).If both Q and D are known we may express K in terms of just the trace of JD(� ) asK = �trace(�Q)f�1D (trace(JD(� )); (6.8)where fD(� ) = trace(JD(� )) is given by equation (6.5). Note that f�1D exists since fD is monotonedecreasing.The property of (6.4) that allows it to be written in the form (6.6) (namely, M is applied toproducts of the form �j� ) does not hold for (6.2), and it appears that a transformation analogousto (6.7) does not exist for the covarion model. However, if R and S are known (or estimated) then,as in (6.8), we may express K in terms of trace(JC(� )) asK = �trace(�R)�1f�1C (trace(JC(� ));where fC (� ) = trace(JC(� )) is given by equation (6.3). Again fC is monotone decreasing (byLemma 6.3) so f�1C exists.Note that in applications, the joint probabilitymatrix (JC or JD) is estimated from the observedjoint frequency matrix Ĵ . Since JC and JD are both symmetric, it is usual practice to take thesymmetrised matrix (Ĵ + ĴT)=2 as the estimate.6.3.4 Pairwise comparisons of sequencesSimultaneous pairwise comparisons of several sequences are frequently used as a method of buildingtrees, for example through the construction of tree-additive distances. Here we address the issueof whether the covarion model will give di�erent results to rates-across-sites when making suchcomparisons. For a �xed � = �1, if the rates are distributed according to the distribution ofX(�1)=�1 then we have JC(�1) = JD(�1) for C = (R;S) andD = (R;D), so that the covarion modelgives identical results to a suitably chosen rates-across-sites model if only one pair of sequences isexamined. However, the distribution of X(� )=� depends on � which opens the possibility that themodels may give di�erent results if more than one pair is considered.A common measure of the dissimilarity of two sequences is one minus the trace of the jointprobability matrix, which is the probability that they disagree at a given site. In applications this isestimated from the proportion of sites at which the aligned sequences from the two taxa di�er. Weshow here (Theorem 6.1) that given any covarion model, there is always a rates-across-sites modelthat will generate exactly the same data if only the trace is considered. We also characterise theconditions (Theorem 6.2) under which C = (R;S) and D = (Q;D) satisfy JC(� ) = JD(� ) for all� . Models satisfying this equality will give identical results under any form of pairwise comparisonand on any tree; however, models that do not satisfy this equality may still give identical resultson certain trees.A related question is whether it is possible to distinguish between the covarion model andrates-across-sites on the basis of simultaneous pairwise comparisons of several sequences. On this



CHAPTER 6. MORE REALISTIC MODELS 45question the results of this section are largely negative and suggest that pairwise comparisonsare inadequate to distinguish the covarion model from rates-across-sites. Thus, a test of the twomodels will probably require the simultaneous comparison of three or more sequences. Section 6.4gives an alternative approach to distinguishing between the covarion and rates-across-sites modelsbased on such a comparison.We begin with a preliminary result. Stationary and reversible rate matrices with exactly onedistinct non-zero eigenvalue will be of relevance to us in what follows, so we give a characterisationof them here.Lemma 6.4(i) Given a distribution � of states there is a stationary and reversible rate matrix R� having � asits stationary distribution and possessing exactly one distinct non-zero eigenvalue, namelyR� = 1� � Ir ;where 1 = (1; : : : ; 1)T.(ii) If the stationary and reversible rate matrix R with stationary distribution � and jRijj > 0 forall i; j has exactly one distinct non-zero eigenvalue ��, then R = �R�.Proof (i) We have (1� � Ir)1 = 1(�1) � 1 = 1 � 1 = 0, so the rows of R� sum to zero. Allthe o�-diagonal entries are positive and therefore R� is a rate matrix. �R� = �(1� � Ir) =(�1)� � � = � � � = 0T, so R� has stationary distribution �, and if i 6= j then (R�)ij = �j, so�i(R�)ij = �i�j = �j(R�)ji. Hence R� is reversible.The matrix 1� has rank 1 and hence null space of dimension r � 1, so 0 is an eigenvalue ofmultiplicity r � 1. The remaining eigenvalue is 1 since (1�)1 = 1. Hence R� has eigenvalues �1(multiplicity r � 1) and 0 (multiplicity 1).(ii) Consider the matrix Q = Ir + 1�R, which has eigenvalues 0 (multiplicity r � 1) and 1(multiplicity 1). By the reversibility assumption R has a full complement of eigenvectors, so Q hasnull space of dimension r � 1 and hence rank 1. Further Q has row sums equal to 1, from whichQ = 1v where Pri=1 vi = 1. In fact we must have v = �, since the left eigenvector correspondingto 1 is �. Hence R = �(Q� Ir) = �(1� � Ir) = �R�. �Theorem 6.1 For any covarion model C there is a rates-across-sites model D such thattrace(JD(� )) = trace(JC(� ))for all � � 0.Proof By (6.3) and Lemma 6.3, trace(JC(� )) has the formtrace(JC(� )) = ��T + rXj=2[c0+j e�+j � + c0�j e��j � ]where c0+j ; c0�j > 0 and Prj=2[c0+j + c0�j ] = 1 � ��T. If R has k distinct non-zero eigenvalues wemay collect terms in e��� for each eigenvalue, writing trace(JC(� )) in the formtrace(JC(� )) = a0 + 2kXi=1 aie��i� ;



CHAPTER 6. MORE REALISTIC MODELS 46where ai; �i > 0 for each i and P2ki=0 ai = 1.Let D be the discrete distribution of rates such thatP[� = �i] = ai1� a0 i = 1; : : : ; 2k:Then D is well-de�ned, and if D = (R�;D) then by (6.5) and Lemmas 6.3 and 6.4,trace(JD(� )) = ��T + rXj=2M (�� )trace(zjzTj )= ��T +M (�� )(1 � ��T)= a0 + (1� a0) 2kXi=1 ai1� a0 e��i�= a0 + 2kXi=1 aie��i�= trace(JC(� )): �Theorem 6.2(i) For a given covarion model C = (R;S), there is a rates-across-sites model D = (Q;D) suchthat JC(� ) = JD(� )for all � � 0 if and only if R has only one distinct non-zero eigenvalue, in which case D isa discrete two rate distribution and Q is a scalar multiple of R.(ii) For a given rates-across-sites model D = (Q;D), there is a covarion model C = (R;S) suchthat JD(� ) = JC(� )for all � � 0 if and only if Q has only one distinct non-zero eigenvalue and D is a discretetwo rate distribution, with both rates greater than zero.Proof Suppose JC(� ) = JD(� ) for all � . Since they agree for � = 0, when JC(� ) = � andJD(� ) = �, we must have � = �. Multiply JC(� ) = JD(� ) on the left and right by ��1=2 to getrXj=1Cj(� )ujuTj = rXj=1M (�j� )yjyTj ;where Cj(� ) = c+j e�+j � + c�j e��j � . Now uTj uk = �jk implying ��1=2JC(� )��1=2 has eigenval-ues fCj(� )g and corresponding eigenvectors fujg. Similarly ��1=2JD(� )��1=2 has eigenvaluesfM (�j� )g. So there must be some ordering for which Cj(� ) =M (�j� ) for each j. We will supposethat the functions have been ordered in this way.Write Mj(� ) for M (�j� ). For the zero eigenvalue (j = 1) we have C1(� ) = 1 = M1(� ) sowe need only worry about the non-zero eigenvalues (j � 2). The Mj (j � 2) have the propertythat Mk(�l�=�k) =Ml(� ), that is we may transform from one to another simply by re-scaling � .Clearly the Cj must satisfy this also. Suppose Ck(
� ) = Cl(� ). ThenCk(
� ) = c+k e�+k 
� + c�k e��k 
� = Cl(� ) = c+l e�+l � + c�l e��l � ;



CHAPTER 6. MORE REALISTIC MODELS 47so we must have 
�+k = �+l , 
��k = ��l , c+k = c+l and c�k = c�l since exponential functions areindependent (note that ��j < �+j which precludes the possibility of matching 
�+k with ��l , etc.).Hence, from the de�nition of c�l , we havec�l = (s1 + s2 + ��l )�+l(s1 + s2)(�+l � ��l )= (s1 + s2 + 
��k )
�+k(s1 + s2)(
�+k � 
��k )= (s1 + s2 + 
��k )�+k(s1 + s2)(�+k � ��k )which by hypothesis equals c�k = (s1 + s2 + ��k )�+k(s1 + s2)(�+k � ��k ) :Hence 
 = 1. Lemma 6.3 (i) then implies that �k = �l and it follows that R has only one distinctnon-zero eigenvalue �. Now Mk(� ) = Ck(� ) = Cj(� ) = Mj(� ), 2 � j; k � r, so Q has onlyone distinct non-zero eigenvalue also, and since R and Q both have stationary distribution �, byLemma 6.4 they are both scalar multiples of R�. D has moment generating function M (� ) =c+� e�+� � + c�� e��� � and so is two rate with both rates greater than zero.Conversely, if R = ��R� thenJC(� ) = �T� + [c+� e�+� � + c�� e��� � ] rXj=2wjwTj :Let D be the two rate distribution such thatP [� = j���j] = c��; � = +;�:Then D is well de�ned and if D = (R�;D) we haveJD(� ) = �T� + rXj=2M (�� )wjwTj= �T� + [c+� e�+� � + c�� e��� � ] rXj=2wjwTj= JC(� ):It remains to show that if D = (
R� ;D) where D is a two rate distribution such thatP[� = �i] = �i; i = 1; 2then we may choose a covarion model C = (R;S) such that JC(� ) = JD(� ) for all � . By scaling�1 and �2 if necessary we may assume that 
 = 1, and 0 < �1 < �2. We must then �nd � < 0, ands1; s2 > 0 such that �+� = ��1; ��� = ��2 and c�� = �2;and then take R = ��R� (note that the third condition implies c+� = �1). Using(�+ �1)(� + �2) = (�� �+� )(� � ��� ) = �2 + (s1 + s2 � �)�� s2�



CHAPTER 6. MORE REALISTIC MODELS 48we obtain the system of equations �1�2 = �s2��1 + �2 = s1 + s2 � ��2 = (s1 + s2 � �2)�1(�1 � �2)(s1 + s2)which may be solved (uniquely) to give� = ��21�1 + �22�2�1�1 + �2�2s1 = �1�2�1�2(�1 � �2)2(�1�1 + �2�2)(�21�1 + �22�2)s2 = �1�2(�1�1 + �2�2)�21�1 + �22�2 :This de�nes the required covarion model. �6.3.5 Limiting casesWe consider the limiting cases of the covarion model when the switch is very slow (s1; s2 ! 0) andvery fast (s1; s2 !1), keeping s1=s2 (the ratio of \o�" sites to \on" sites) constant.For very slow switches we expect few changes between the states on and off to occur, so thatsites in state on will tend to remain in state on, and sites in state off will tend to remain in stateoff. In the limiting case s1; s2 ! 0 we expect �2 of the sites to be invariant and �1 of them to bevariable. Calculating this limit we �ndJC(� )! �2J(0) + �1J(� )as expected.For fast switches we expect sites to 
ip back and forth between on and off very rapidly, andeach spend about the same amount of time in state on. Di�erentiating equation (6.1) with respectto � and setting � = 0 we �nd that the expected time in state on is �1� , so in the limiting cases1; s2 !1 with s1=s2 constant we expectJC(� )! J(�1� ):Calculating this limit we �nd this is indeed the case.6.4 A tree-additive distance on monophyletic groups underthe covarion modelOne approach to testing the covarion model against rates-across-sites models is to examine the sitesthat are varied and unvaried in two widely separated groups of closely related species. Under therates-across-sites model, if a given site is in the same state for each member of a group of closelyrelated taxa, then it is likely that the rate of evolution at that site is slow. Since the rate does notchange across the tree, we might expect little change to occur in another group of closely relatedspecies that is widely separated from the �rst. On the other hand, under the covarion model ifeach species has the same state at a given site it seems likely that the site was o� for much of thetime. In a distant part of the tree the switch might be on so we no longer expect the unvaried



CHAPTER 6. MORE REALISTIC MODELS 49sites in the two groups to match up. This observation was made by Fitch [11], and examinedby Miyamoto and Fitch [30], who compared Cu, Zn superoxide dismutase (SOD) sequences fromseven mammals and seven plants with simulated sequences generated under covarion and gammadistribution rates-across-sites models, �nding that the covarion hypothesis explained the evolutionof the protein better than rates-across-sites.The following discussion is also motivated by Fitch's observation. For a certain class of eventsand parameters of a covarion model we obtain a tree-additive distance between monophyleticgroups of species that will not in general be tree-additive under rates-across-sites models. Thisshows �rstly that in�nite sequences can in fact distinguish between the two models, and secondlythat in�nite sequences do contain information about the tree without requiring knowledge of theparameters of the model. Standard statistical techniques (such as maximum likelihood for treereconstruction) may then be used to address these questions given �nite sequences.The class of covarion models for which this is relevant includes those whose underlying ob-servable process is based on the Kimura [26] three-substitution-type model (K3ST) or one of itssubmodels (the Kimura [25] two parameter (K2P) and Jukes-Cantor [22] (JC) models).6.4.1 Separable eventsWe describe a class of events that give rise, under the covarion model, to a tree-additive distancethat is not in general tree-additive under a rates-across-sites model.v2v1 �T1 T2C1 C2Figure 6.3: The tree joining two monophyletic groups of species C1 and C2. The circles denote therooted subtrees T1 and T2, the roots being v1 and v2 respectively. The edge fv1; v2g has length � .Suppose E is an event involving an r-state character � on a set C of species, for example theevents Es = \�(i) is the same state for all i 2 C"and Ed = \�(i) is not the same state for all i 2 C":Given two monophyletic groups C1 and C2 of species with corresponding rooted trees T1 and T2,the tree joining them will be as shown in �gure 6.3. Let Ei be the event \E occurs for group Ci"and Oi the state on or off of the switch at the vertex vi for i = 1; 2. We say that the event E isseparable under the covarion model (R;S) ifP[E1 ^E2jO1 = o1; O2 = o2] = P[E1jO1 = o1]P[E2jO2 = o2] (6.9)for all o1; o2 2 fon; offg. Note that the separability of a given event may depend on R and S. Ananalogous condition that might be satis�ed by a rates-across-sites model (Q;D) is the followingindependence condition: P[E1 ^E2j�] = P[E1j�]P[E2j�]: (6.10)Let p12 = P[E1 ^E2];pi = P[Ei]; i = 1; 2



CHAPTER 6. MORE REALISTIC MODELS 50and further in the case of the covarion model letponi = P[EijOi = on]poffi = P[EijOi = off]�i = poni � poffifor i = 1; 2. Then under conditions (6.9) and (6.10) we have the following:Lemma 6.5(i) If E is separable under the covarion model (R;S) thenp12 � p1p2 = �1�2e�(s1+s2)� �1�2: (6.11)(ii) If the independence condition holds for the rates-across-sites model (Q;D) then p12�p1p2 doesnot depend on � .Theorem 6.3 For a tree with several monophyletic groups C1; : : : ; Cn (jCij � 2 for each i) at itstips the distance �ij = � ln jpij � pipjj i 6= jis tree-additive under a covarion model for which E is separable, but in general is not under arates-across-sites model for which the independence condition holds.Proof of Lemma 6.5 and Theorem 6.3 In the covarion casep12 = Xo1;o2 P[E1 ^E2jO1 = o1; O2 = o2]P[O1 = o1; O2 = o2]= Xo1;o2 P[E1jO1 = o1]P[E2jO2 = o2]P[O1 = o1; O2 = o2]since E is separable, andp1p2 = Xo1;o2 P[E1jO1 = o1]P[E2jO2 = o2]P[O1 = o1]P[O2 = o2]:Thusp12 � p1p2 = Xo1;o2 P[E1jO1 = o1]P[E2jO2 = o2] (P[O1 = o1; O2 = o2]� P[O1 = o1]P[O2 = o2]) :(6.12)Now from equation (2.6) the joint probability matrix for the switch operating for time � is(P[O1 = o1; O2 = o2]) = �1�2 s2s1 + e�(s1+s2)� 1� e�(s1+s2)�1� e�(s1+s2)� s1s2 + e�(s1+s2)� !so the matrix of P[O1 = o1; O2 = o2]� P[O1 = o1]P[O2 = o2] is�1�2e�(s1+s2)� � 1 �1�1 1 � :Hence, from (6.12),p12 � p1p2 = �1�2e�(s1+s2)� (pon1 � poff1 )(pon2 � poff2 ) = �1�2e�(s1+s2)� �1�2



CHAPTER 6. MORE REALISTIC MODELS 51as claimed.Under rates-across-sites with the independence condition holding,P[E1 ^E2] = Z 10 P[E1 ^E2j�]dFD(�)= Z 10 P[E1j�]P[E2j�]dFD(�)which does not depend on � , and similarlyP[Ei] = Z 10 P[Eij�]dFD(�)does not depend on � , so that p12� p1p2 = P[E1 ^E2]� P[E1]P[E2] does not depend on � either.Since �ij does not depend on the length of the edge between Ti and Tj in the rates-across-sitescase, we may rearrange the tree on the groups without changing the value of �ij , so the tree onthe groups is not uniquely determined by �. In the covarion case, if the edge between Tx and Tyhas total length �xy then�xy = � ln jpxy � pxpyj= � ln (�1�2e�(s1+s2)�xy j�xjj�yj)= � ln (�1�2) + (s1 + s2)�xy � ln j�xj � ln j�yj:Referring to �gure 6.4 we have �ij = �i + �j , �ik = �i + �m + �k etc., and Theorem 6.3 follows.TiTj Tl�i Tk�mCiCj CkCl�j �k�lFigure 6.4: The tree on the four monophyletic groups of species Ci, Cj, Ck and Cl. The �x are theedge lengths. �Note that the set of equations�ij = � ln (�1�2) + (s1 + s2)�ij � ln j�ij � ln j�jjwhere 1 � i < j � 4 is a system of six linear equations in the six unknowns ln (�1�2), (s1+ s2)�k�ln j�kj, 1 � k � 4 and (s1 + s2)�5. However this system is singular (since �13 + �24 = �14 + �23)and only (s1 + s2)�5 may be solved for uniquely if only the �ij are known.Further, although �ij is not in general tree-additive under a rates-across-sites model, the four-point condition may still hold, albeit in the form�ij + �kl = �ik + �jl = �il + �jk: (6.13)



CHAPTER 6. MORE REALISTIC MODELS 52For example, if trees Ti, Tj, Tk and Tl are exactly the same, this will certainly be the case. Lessrestrictively, if the Tx are all two taxa trees with their leaves separated by a distance �x, and weassume the fully symmetric model (Qij = � if i 6= j and Qii = (1 � r)�) then the �xy may becalculated relatively easily and it appears that (6.13) holds for any choice of �i, �j , �k and �l if andonly if D is a discrete one or two rate distribution.6.4.2 Examples of separable eventsWe begin by giving a su�cient condition for separability, which will allow us to show that under amodel that regards the states somewhat interchangeably, any event that respects that interchange-ability will be separable. We will then be able to �nd some examples of separable events.Let Ai be the state of the observable process at vertex vi. ThenLemma 6.6(i) Under the covarion model (R;S), if Ei is independent of Ai for Oi = on and Oi = off then Eis separable.(ii) Under the rates-across-sites model (Q;D), if Ei is conditionally independent of Ai given �then the independence condition holds.Proof The proofs of parts (i) and (ii) are entirely similar so we prove only (i). For any reversibleMarkov tree model we haveP[E1 ^E2jO1 ^ O2; A1 ^A2] = P[E1jO1 ^A1]P[E2jO2 ^A2]: (6.14)Let pi(ai) = P[EijOi ^ (Ai = ai)]. Then from (6.14),P[E1 ^E2jO1 ^ O2] = Xa1;a22A p1(a1)p2(a2)P[(A1 = a1) ^ (A2 = A2)jO1 ^ O2]:Also, P[EijOi] = Xai2A pi(ai)P[Ai = aijOi];so that� = P[E1 ^E2jO1 ^ O2]� P[E1jO1]P[E2jO2]= Xa1;a22A p1(a1)p2(a2) (P[(A1 = a1) ^ (A2 = a2)jO1 ^ O2]� P[A1 = a1jO1]P[A2 = a2jO2]) :Now, if Ei is independent of Ai for Oi = on and for Oi = off then we may write pi(ai) = pi and so� = p1p20@ Xa1;a22AP[(A1 = a1) ^ (A2 = a2)jO1 ^ O2]� Xa1;a22AP[A1 = a1jO1]P[A2 = a2jO2]1A= p1p2(1� 1) = 0:Hence E is separable. �Given a permutation � 2 Sr (the symmetric group on r objects), the permutation matrix P�corresponding to � is the matrix whose i�(i)-entry is 1 with all other entries being zero. If R is anr�r matrix then P�R is the matrix that results if the rows of R are swapped according to �, whileRPT� is the matrix that results if the columns of R are swapped according to �. ConsequentlyP�RPT� is the result of swapping both the rows and columns.



CHAPTER 6. MORE REALISTIC MODELS 53The map R 7! �R = P�RPT� de�nes a group action on the set of all r � r rate matrices.If R = P�RPT� we say that R is invariant under �; further, if G is a subgroup of Sr and Ris invariant under � for all � 2 G we say that R is invariant under the action of G. We notethat since PT� = P��1 = P�1� , the set of matrices invariant under the action of G is closed undermultiplication.As an example, consider the matricesRK = 0BB@ �� � � 
� �� 
 �� 
 �� �
 � � �� 1CCA and RC = 0BB@ �� � � 

 �� � �� 
 �� �� � 
 �� 1CCA (6.15)where � = �+ � + 
. It is easily checked that RK (which is the matrix used in the K3ST model)is invariant under the action ofK4 = fid; (1 2)(3 4); (1 3)(2 4); (1 4)(2 3)g;which is isomorphic to the Klein 4-group, while RC is invariant under the action ofC4 = fid; (1 2 3 4); (1 3)(2 4); (1 4 3 2)gwhich is isomorphic to the cyclic group Z4.In a similar way we may de�ne a group action on state characters by � 7! �� where ��(i) =�(�(i)). Since events involving states of the taxa are sets of characters, this extends to an actionon such events by �E = f��j� 2 Eg:Again, if �E = E for all � 2 G we say that E is invariant under the action of G. As an example,if C is a set of species then the event Es that a given site takes the same state at each species isinvariant under the action of any subgroup of Sr . For a less trivial example, consider the eventson two species with four states (1,2,3 and 4) given byE2 = \the states di�er by 2" (e.g. 1 and 3 or 4 and 2)and E1;3 = \the states di�er by 1 or 3" (e.g. 1 and 2 or 1 and 4):Again it is easily checked that E2 and E1;3 are invariant under the action of both K4 and C4.Note that if the states are the nucleotides A, C, G and T in that order then E2 is the event \thestates di�er by a transition" while E1;3 is the event \the states di�er by a transversion".The usefulness of these concepts in the present context is given by the following theorem.Invariance of the rate matrix under the action of a group G breaks the state space up into classesof states that \look the same". If there is just one class of states that \look the same" (that is, ifthere is just one orbit under the action of G; such an action is called transitive), then any eventinvariant under G will be separable.Theorem 6.4 Let R be a stationary and time-reversible r � r rate matrix and let E be an eventinvolving r-state characters on monophyletic sets of species. If both R and E are invariant underthe action of some G � Sr that acts transitively on [r], then(i) E is separable under the covarion model (R;S) for any switch matrix S;(ii) the independence condition holds for E under the rates-across-sites model (R;D) for anydistribution D.



CHAPTER 6. MORE REALISTIC MODELS 54Proof The result follows from a simple symmetry argument. For part (ii), the transition matricesP e = exp(�eR) inherit invariance under the action of G from R, so thatP e�(�)�(�) = P e��for all �; � 2 [r] and all edges e of Ti. It follows that on renaming all states according to � 2 Gwe have P[EijAi = ai] = P[EijAi = �(ai)]. Since G acts transitively on [r], (ii) now follows fromLemma 6.6 (ii).For part (i) we use the second formulation of the covarion model and argue similarly to part(ii). We again have P e(�(�);o)(�(�);o0) = P e(�;o)(�;o0)for all �; � 2 [r], o; o0 2 fon; offg and all edges e of Ti, so on renaming all states according to �we get P[Eij(Ai; Oi) = (ai; oi)] = P[Eij(Ai; Oi) = (�(ai); oi)]:Since G acts transitively on [r], Ei is independent of Ai for Oi = on and Oi = off, so E is separableby Lemma 6.6 (i). �Theorem 6.4 will allow the construction of many examples of separable events, and we statesome examples as a corollary below. Part (ii) is of interest in its own right. Fu and Li [15], inconstructing certain quadratic invariants, showed that the events Es, E2 and E1;3 de�ned abovesatisfy the independence condition on four taxa trees if all transition matrices have the form RK ,without placing any conditions on the location of the root or the distribution of states there. Theproof of part (ii) above requires only that all transition matrices are invariant under the action ofG (they need not be generated by a single continuous time Markov process); no requirements areplaced on the distribution of states at the root, the number of taxa or the number of states. Thisextends Fu and Li's result, �tting it into a much broader framework.We will say that R is permutable if it is invariant under the action of some G � Sr that actstransitively on [r]. Then:Corollary 6.1 (Some examples of separable events)1. The events Es and Ed above are separable under the covarion model (R;S), and satisfy theindependence condition under the rates-across-sites model (R;D), whenever R is permutable.In particular, R is permutable if it has one of the following forms:(i) R = RK, where RK is as given in (6.15) and is the form of the matrix used in the K3STmodel. This includes as special cases the Kimura two parameter model (� = 
) and theJukes-Cantor model (� = � = 
).(ii) R is the r� r matrix given by Rij = � if i 6= j and Rii = (1� r)�, for any r. This givesthe fully symmetric model, and includes as particular cases the Cavender-Farris model(r = 2) and the Jukes-Cantor model (r = 4).2. The events on pairs of species E2 (di�er by a transition) and E1;3 (di�er by a transversion)are separable under the covarion model (R;S), and satisfy the independence condition underthe rates-across-sites model (R;D), whenever R is of the form RK .(Note that the matrix RC is not time-reversible unless � = 
, in which case it is of the form RK).



CHAPTER 6. MORE REALISTIC MODELS 556.5 DiscussionWe have presented and analysed a simple covarion-style model, comparing it to the better knownrates-across-sites models.We have shown that, even for in�nitely long sequences, a covarion model will give identicalresults to a suitably chosen rates-across-sites model when making simultaneous comparisons ofpairwise dissimilarities between a collection of sequences. Consequently, if one wishes to testbetween these two models using real (�nite length) sequences it is necessary to consider furtherproperties of the data than just pairwise dissimilarities. We also showed how the expected pairwisedissimilarities could be transformed so as to estimate the evolutionary distance between the twosequences, however this required knowledge of the underlying rate matrices R and S.In section 6.4, following an observation of Fitch [11], we showed how certain versions of thecovarion model could be used to construct a tree-additive distance on monophyletic groups ofspecies, again for in�nitely long sequences but this time without using knowledge of the underlyingrate matrices R and S. The signi�cance of this result for real sequences is two-fold. Firstly,it shows that tree-like information can be recovered from su�ciently long sequences under thecovarion-style model, given knowledge of monophyletic groupings. The particular tree-additivedistance described could be used directly on real sequences, provided they are reasonably long,in much the same way as similar logarithmic transformations are routinely used in phylogenetics.Alternatively, more powerful (but also more computationally intensive) statistical techniques suchas maximum likelihood could be employed|our result simply shows that tree-like information isthere in the sequences to be recovered.Secondly, because the tree-additive distance is not, in general, tree-additive under the rates-across-sites model, this shows that the two models can indeed be distinguished given su�cientlylong sequences. A useful project for future work would be the development of such tests. A testthat did not depend on restrictions to the model such as the separability condition of equation (6.9)would be particularly desirable.
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